IOWA STATE UNIVERSITY

Digital Repository

Iowa State University Capstones, Theses and

Retrospective Theses and Dissertations . .
Dissertations

1979

Development of computer-assisted instruction
units in calculus

Peter Mbi Agbor-Etang
Towa State University

Follow this and additional works at: https://lib.dr.iastate.edu/rtd
b Part of the Science and Mathematics Education Commons

Recommended Citation

Agbor-Etang, Peter Mbi, "Development of computer-assisted instruction units in calculus " (1979). Retrospective Theses and
Dissertations. 7261.
https://lib.dr.iastate.edu/rtd /7261

This Dissertation is brought to you for free and open access by the Iowa State University Capstones, Theses and Dissertations at lowa State University
Digital Repository. It has been accepted for inclusion in Retrospective Theses and Dissertations by an authorized administrator of Iowa State University

Digital Repository. For more information, please contact digirep@iastate.edu.

www.manharaa.com



http://lib.dr.iastate.edu/?utm_source=lib.dr.iastate.edu%2Frtd%2F7261&utm_medium=PDF&utm_campaign=PDFCoverPages
http://lib.dr.iastate.edu/?utm_source=lib.dr.iastate.edu%2Frtd%2F7261&utm_medium=PDF&utm_campaign=PDFCoverPages
https://lib.dr.iastate.edu/rtd?utm_source=lib.dr.iastate.edu%2Frtd%2F7261&utm_medium=PDF&utm_campaign=PDFCoverPages
https://lib.dr.iastate.edu/theses?utm_source=lib.dr.iastate.edu%2Frtd%2F7261&utm_medium=PDF&utm_campaign=PDFCoverPages
https://lib.dr.iastate.edu/theses?utm_source=lib.dr.iastate.edu%2Frtd%2F7261&utm_medium=PDF&utm_campaign=PDFCoverPages
https://lib.dr.iastate.edu/rtd?utm_source=lib.dr.iastate.edu%2Frtd%2F7261&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/800?utm_source=lib.dr.iastate.edu%2Frtd%2F7261&utm_medium=PDF&utm_campaign=PDFCoverPages
https://lib.dr.iastate.edu/rtd/7261?utm_source=lib.dr.iastate.edu%2Frtd%2F7261&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:digirep@iastate.edu

INFORMATION TO USERS

This was produced from a copy of a document sent to us for microfilming. While the
most advanced technological means to photograph and reproduce this document
have been used, the quality is heavily dependent upon the quality of the material
submitted.

The following explanation of techniques is provided to help you understand
markings or notations which may appear on this reproduction.

1

. The sign or “target” for pagesapparently lacking from the document

photographed is “Missing Page(s)”. If it was possible to obtain the missing
page(s) or section, they are spliced into the film along with adjacent pages.
This may have necessitated cutting through an image and duplicating
adjacent pages to assure you of complete continuity.

. When an image on the film is obliterated with a round black mark it is an

indication that the film inspector noticed either blurred copy because of
movement during exposure, or duplicate copy. Unless we meant to delete
copyrighted materials that should not have been filmed, you will find a
good image of the page in the adjacent frame.

. When a map, drawing or chart, etc.. is part of the material being photo-

graphed the photographer has followed a definite method in “‘sectioning”
the materiai. it is customary fo begin fiiming at¢ the unper ieft hand cormer
of a large sheet and to continue from left to right in equal sections with
small overlaps. If necessary, sectioning is continued again—beginning
below the first row and continuing on until complete.

. For any illustrations that cannot be reproduced satisfactorily by

xerography, photographic prints can be purchased at additional cost and

tipped into your xerographic copy. Requests can be made to our
Dissertations Customer Services Department,

. Some pages in any document may have indistinct print. In all cases we

have filmed the best available copy.

Universi
Micrgﬁlms
International

300N 8B ROAD. ANN ARBOR, M| 12106
18 REDEORD =OW T ONDON WCTR A 1T FNCLAND



8010212

AGBOR-ETANG, PETER MBI

DEVELOPMENT OF COMPUTER-ASSISTED INSTRUCTION UNITS IN
CALCULUS

Iowa State University PH.D. 1979

University
Microfilms

I n te n atl O n al 300 N. Zeeb Road, Ann Arbor, MI 48106 18 Bedford Row, London WCI1R 4EJ, England



—evelopment of computer-assisted
instruction units in calculus
by
Peter ibi Agbor-Ziang

A Dissertation Submitted to the
Graduate Faculty in rartial Fuilirtlment cof
Requirements for the BDegree of

DOCTOR CrF PHILCSOrHY

g
'3
[®]
(BN
()]
6]
[1)]
}J
SJ
o3
Y]
'_
{
o
o)
[
[¢4]
[0}

Depariment:

Major: Zducation (Higher)

Signature was redacted for privacy.

In Chd4ge of igljor worx
Signature was redacted for privacy.

Fgr/the iiajor Cepariment

Signature was redacted for privacy.

or The CGrzduate College

Towa State University
Anes, Iowa

L1979



III.

'._A
(S

TABLz OF CONT=NTS

INTRCDUCTION

A. PRationale for Developing the Units
3. Purpose of the Study

C. History of CAI

3. Outline of the Chavters

RZVIEW OF LITERATURE

A, Aftitudes towards CAI

B. Capabilities of CAI in iathematics
C. Recommendations in Developing CiAIl
D, Documentation of C:

—l..'

DESCRIFTION OF TH= CAI £

)
Ul

A. The CAI Hardware, Software anc
Courseware

ic 3kxills Instruction Using CAI

C. Relationship between CAI and CMI

D, Strategy for Develcding CAI

TH=Z TICCIT AND PLATO SYSTEM

A. The TICCIT System

3. The PLATC Systen

. Evaluation of the PLATO SYSTEM

DEZSCRIZPTION OF THE CALCULUS UNITS

Page

|..J
= O W N H

’—l
1)

a
L



ViI.
VIII.
IX.

iii

A, General Objectives

B. Objectives of Zach Unit of Instruction
DISCUSSION

A, Observations

3. Recommendations

SUMMARY

BIBLIOGRAPHY

ACKNCWLEDGME=ENTS

APPENDIX A: CALCULUS CAI UNITS

>
(=
o]
-+
<t
)

s, Unit 13

N, Unit ta

Page



v,

AZPENDIX 3B

a.
3.

Unit 2C

iv

SIGN=-0N PROCZD

The rLATC xeybeard

3asic Aspects

T rLATC

URS



e
[\

(K3
®

igure 1., Relztionship bhetween CAIL, ClI, and

ct

raditional instruction 36



-
s
Vi

LIS OF TABLES
2age
Table 1., Data cn the major CAI and CII
systens 28



I. INTRODUCTION

Computer-assisted instruction (CAI) is the
concept of using the electronic computer to aid
learning. Some equivalent widely used terms for CAI
are computer aided instruction and computer based
instruction. Instruction with the help of the computer
is a recent educational development,

New Trends in Mathematical Teaching (33) alludes
to this, by saying:

The traditional method of teaching mathematics
was quite satisfactory in its day. It met the
requirements and fulfilled the aims set,.

The periocd had its outstanding mathematicians
and there were vrominent instructors among

the educators who taught this subject

with excellent results. But the objectives
for mass teaching then, no longer satisfy

the demand now, As a result of scientific
discoveries and technological development,
students today face problems which only =a
short time ago had not even existed., These
discoveries call for the increasing applica-
tion of mathematics.

Hence, it may be necessary to teach mathematics in a
different way to keep pace with the steadily growing
demands of life and practice.

The economic and socizl pressures on educational
institutions are forcing these institutions to
improve instruction. 2inn (58) says that as the ratio
of students %o instructors increases, technology could

be offered to assist more students without sacrificing



student achievement. Public schools are being
criticized for not teaching the basic skills required
to pursue more advanced work. Norgan (3C) notes that
colleges are complaining continually that students can
not read write or do mathematics., The concerns about
basic skills instruction and achievement are making
schocl systems look closely at their curriculum and
instructional practices, In increasingly large numbers,
educational institutions are finding that students®
lack of basic skills may be remedied or eliminated by
aperopriate computer assistance.

The teaching of mathematics foday aims at making
the student capable of applying his kxnowledge and
expanding it., In CAI, the students are encourazsd to

-

improve their cazpabilities, CAI a2llows students to
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tinuous scolding or public censure, which might tend

to decrease their self-assurance,

Rationale for Develoding the Units
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technology in government, tusinziszs, 32iznc: ind
engineering., The effect of computer technology is

gradually being felt in education too. 1In a research



project, Dimas (1l5) stztcs the need of developed CAI
units by students in various courses.

There have been studies in the effectiveness of
conputer-assisted instruction in college algebra
courses and in using computer-assisted instruction in
overcoming attitude barriers, But there have been
very few studies in developing teaching units for a
calculus course in which the drogram is typed on
a computer terminal to obtain an immediate electronic
response, This study is therefore devoted to the
development of computer-assisted instruction units
that will facilitate the understanding of z calculus

course vy students.

B, Purpose of the Study

The purpose of this study is to develop a series
of units with the computer being used to assist the
teaching of Hathematics 121. Mathematics 121 is a
calculus course taught at Iowa State University for
students in engineering, science and mathematics,
The CAI system chosen in this study was PLATO
(Programmed Logic for Automated Teaching Operation).
More information will be provided about the PLATC

system in chapter four,



The general purpose of this project is to
individualize instruction and create an environment
in which the student's skill and self-assurance in
calculus are increased. The author's experience in
teaching college calculus indicates that some students
have great difficulty in learning university calculus
by use of the traditional lecture methed., The computer
might be used to enhance student comprehension of
calculus, Individualized instruction means personalizing
of the instructional process to conform more closely to
the individual capacities of the learner. Nawaz and
Tanveer (31) point out that'the use of individualized
instruction is a significant trend in education and
revresents 2 synthesis of philosophical and psychologi-
czl thought, and is a meeting ground for instructionzal
oractice. Supvorted by technology and research,
individualized instruction provides systematic patternms
of learning for students., Some professional educators
support the new idea in order tc meet current demands of
accountability anéd to improve classrom instruction and
student learning.

Nawaz and Tanveer (31) state that experts view
individualized instruction in a variety of ways.

Some of these ways can be stated as follows:
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students learn through various percerptual
structures, They assimilate varying amounts
of content at different rates of sreed and
vary in their retentive abvilities.

Learners need tc devaicp a2 wide vériety of
learning styles for effective learning
cutcomes,

figel

(1))

complexity of society necessitates that
students should lesarn on their ovmn., The
empnasis should be cn the structure of xnowli-
edge and the modes of acquiring informaiion.
Factors such as ccst;effectiveness of educa-
tion, accountability and negative eifects of

-

abitity grcuping oprovide incentives for
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educztional aspect must be fiexible, adaptable
and capavle oi meeting the denands of the
individuai az2nc¢ thcse of soclety.

Learning is an active not a passive process.
It should involve Dparticization in 2z tasg

rather than mere absorption of information.



7. Bach individual needs to develop qualities
of individuality in order to cope with the
complexities, and uncertainties of mass
society.,

The odromise of individualized instructicn is that

of z pergetual concerm Ifcr the unigueness of ezch

Cal was introcuced in the LlLate 1¢5Us., Suppes and
Jacken (51) have divided the rTerioas of ths develop-
ment c¢f CAI into four pericds namely CAI Drior %o
1265, Cil frem L9€5 to 1970, CAI from L2779 tc L37%,
2nc¢ CaIl Irom 19275 to the Dresent.

1, AT Drior to 1%H3

llembers ¢l The computsr industry were the Ifirst
to start using CAIL drczrans 0 ftrain Tersonnel in the
late 1¢tus, At this time, eleciric typewriiers and

teietyTes vwerse tinced SO comzuiers and instructionsl
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which educators used to program their ideas more
directly.

| Suppes and Hacken (51) mention that in January
1963, the Institute for lMathematical Studies in the
Social Sciences (IMSS) at Stanford University starteed
a program of research and development in CAI which l:as
resulted in today's widely used applications. In late
1963, IMSS démonstrated its first instructional
program, which was a fTutorial curriculum in elementary
mathematical logic, In 1964, the preliminary version
of an elementary mathematics program was tested. CAI
was first used in an elementary school in 1965 when
forty-one fourth grade children were given daily
arithmetic drill and practice lessons in their class-
room on a teletype machine that was connected to

TRII

iii33*s televnone lines.

2. CAI from 1965 to 1970

During the 1965 to 1966 school year, the Stanford

CAI program exvanded to three schools all containing

ct

eletypes lin computer, AT this time,
about 270 elementary students and 60 high school
students received drill and practice CAI lessons in
nmathematics while 50 elementary students continued to

received the ftutorial mathematical logic program



a2t the institute,
Using an IRl 1500 system, the 3rentwood Project

was started., The Brentwood Project was an investig

tion by INMSS of the feasibility of teaching mathematics
eand reading as an integral part c¢f an elementary
school program by using individuzlized CAI over an

extended pericd of time., Zach student had two display

devices, a cathode-ray tube (CRT) and z sixteen
millimeter film projector of the rear projection tyve.
Bach stztion contained 2 headset for tThe situdent andéd =

headset for the instructor, by which previously
recorded oral instructions could be transmitted., The

students reszsondsd oy touching a2 light »en con cne of

- —,.\/ —_— - - - - S L - ot
In 12880, IIISS develcped wniversiiy-level computer-
=S d P e . S EN

tased progrzms. Stanford students in a2 first-year

room work ané learned at liodel 35 teletypes and cyrillic
keyboards and audiotapes with earrvhones. The staiis-
tical evaluations of this progranm showed positive

results in terms of acadenmic achievement and student

interest level, At this time, INMSS prepared and

tested an introductory college-level course in



elementary mathematical theories,

At the University of Illinois another project was
begun in connection with Control Data Ccrporation
(CDC) and the National Science Foundation., This was
the PLATO system which today delivers interactive
material using alphanumerics, graphics, and animation.
3y 1971, the PLATC system had been used in curriculuns
concerning library use, nursing and studying CAI in
role-playing games,

AT The University of Texas, a CAI chemistry
course wzs described containing fifteen modules of

supvlemnentary material for the introduciory course in

m
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N
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1emistry while the effects of learner cenirol

in 2 CAI preczlculus nmathenmatics course was investi-

was development and field testing of the Time-shared

Interactive, Computer-Controlled, Information

(V]

levision (TICCIT) system of CAIl. The purpose of the

H
l.._

CCIT project was to use minicomputer and ielevision
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technology to deliver CAI lessons and mathematics to
community college students. In 1974, the mathematics
and Zngzlish programs were being developed at Phoenix
College, and a thirty-two terminal system for deliver-
ing the TICCIT program had been installed at Brigham
Young University.

In 1970, the CARE project was developed, The CARE
curriculum is a self-contained college level course
designed to identify students with mental handicaps
that are likely to adversely affect their academic
progress. The method of dissemination was a mobile
unit that served instructors who requested the program,
Instructors in Washington, Texas, Pennsylvania and
slaryland were served by this method in 1972, In 1975
the IN3SS had included courses in the following

- -~ - -
] [

languages: Jid Church Siavonic, His

]

ct

the Russien

n

Hh

orvy o

-

in music.

4. CAT from 1975 to the vresent

3y 1973, Suppes and others at Stanford University
made revisions in CAI to include slementary school
curriculuns and some special azplicatlions ¢l tThose

curriculums to hearing-impaired students. One of the
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CAI systems presently available is through the
Computer Curriculum Corvoration (CCC)., A CCC CAI
consists of an instructional computer that can provide
individualized lessons to as many as ninety-six CRT or
teletype terminals simultaneously. The terminals are
installed at an instructional site and then linked to
the computer via telephone lines, CCC offers a large
variety of courses for elementary and junior college
students., CCC has currently severzl thousand ter-
minals installed throughout the United States. Suppes
and acken (51) report that the Physics Computer
Develooment Project at the University of Caiifornia in
Irvine has developed z CAI course in vhysics in which
students control the timing of their progress and

have z choice of content and method of presentation.

. . - . .
o) Caur wn L aY-Yol revA S e S o
There have heen few re red CAI units in

czlculus and nc complete calculus courses,

D, Outline of the Chapters
The materials presented in this study are organ-
ized into eleven chapters. The Iirst chapier describes
the need for the study, the purpose of the study and
history of CAI., The second chapter includes the review

of literature relating to using the computer to assist
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instruction. The third chapter contains a description

of CAI hardware, software, and courseware and stirategy

(B

or developing CAI, The fourth chapter contains
description of the TICCIT and PLATO systems. The
fifth chapter elaborates on the objectives of using
CAI in a university level calculus course, A further
discussion of the observations and discussion of the

calculus units is contained in the sixth chapter, A

surmary of the project 1s presentad in chapter seven.

]

he eighth chapter contains the bibliograpny while

ct
jn

e ninth chapter contains acknowledgments, Chapter

ct

en contains the czlculus units of instruction while
chapter eleven contains the instructicns to operate

PLATC,



- Sy mwe e -

2T DT TAYID ATITD
AV e Of .LJ_‘L-HJMJ.J.U[{'

(o]
3
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University in which the mathematiczl sxilis o
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necessary for many engineering, <Sclence and mathematics
cocurses, The greati diversity in the mathematical hacxk-
grounds anc abilities of the studenis typically

found in iLzthematics 121 incicztes the need for a form
ol instruction thzt can cater to the individual requirs-
ments of the studsnis, wnoistinen et al, (23) stz

. _ T AP mer i . st A
thzt a great dezl of evidance cugzests thet individuzli-

ized instruction czn he effective in mathemsica

3ut 3tolurow (30) asserts that TAI is net the

Danacea for teocday's educaitional prctlems, Thare 1 nc
single soluticn to provlams as complex as these,

sSomputer-zssisted instruction is however 2 substantizl
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educational process., The printing press made mass
education possible by recording knowledge for
economical dissemination., CAI makes individualization
possible. The following section illustrates the

capabilities and recommendations in developing CAI.

A, Attitudes towards CAI

Although many studies have compared the achieve-
nment of students using computer-assisted instruction
with the achievement of students using the lecture and
demonstration method, few studies have been made to
assess the attitudes of students using CAI., Kockler
(22) made 2 study of sixty-four students who enrolled
in 2 mathematics course. The sixty-four students were
randomly assigned to an experimental group or a control
group. The control group received insitruction by the
lecture and demonstration method only while the
experimental group received the same instruction usint
six computer-assisted units. 3Both groups of students
were given a pre-test and a post-test to measure their

he conclusions of Kockler (zZ2)

1. The attitude toward CAI in the experimental

group improved significantly from pre-test
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integration of computing into a completely restructured
~

calculus course, Another apvroach has been the esta-

blishment ¢f z sevarate course in parallel with

calculus, Yet another approach has been the using of

the computer as a demonstration device or writing

programs which students simply execute at time sharing

terminals, The last approach has the advantage of
minimizing time spent on comruter work

Berkey (%) notes that in most collesges and

trzditionzl wnresentation of calculus, Students need

=3
- ot S & S 1" A .w P, E- IR 1 -, -—
Using 2 <Texbeck entitled "A 3Survey oI ilathemati

”~ ~
il vawo

- e T == ~ e .~ T~ Do~

udants Using a rPregramming Languszge®,
by S —— > de * e e wde
Lecuyer (28) conducted an exreriment to investigate

L
1

the eflectivensess of using the computer in teaching a

mathematics course., The course was Taught in two
secticns., A sectlon was taught by using the above

- ~male 1 - - ogolm = -1, -— oy
texXshook and a conmrzuter while ancother ssciion was
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taught by using the textbook alone., There was no
significant difference between the performances of the
two sections on the course tests, but the CAI section
took less time to complete.

With these results, Lecuyer (26) concluded that
the computer is rapidly becoming an extremely important
and useful tool in the modern world., Lecuyer (26) also
stated that it would seem that all university graduates
should imow something about the computer, Lecuyer (26)
suggests that a computer Terminal should Tte available
to students so that they can do their homework at the
terminal, The student should be presented with the
complete program with an explanation of the program and
an illustration of its use,.

In a2 paper presented to the conference on computers

- - ’

néergraduate Curriculum, Day

-

in i2

(4
.

~

course which used the computer to aid learning various
mathematics concepts. In the three unit mathematics
cocurse the instructor lectured on programming concepts
and served as a resource rerson for the final twelve
weeks of the semester. The course was deemed success-
ful since the students learned mathematical concepts
well, and developed creztive approaches to inderendent

problem solving.
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Kieren (21) conducted a study on the use of
computers in mathematics courses, and used the computer-
based drill and practice procedures in which a student
interacts with a computer via one of various types
of computer terminals or via a2 touch-telephone. IMuch
of the work done in this field is based directly or
indirectly on the work done at Stanford University.

In a California study involving six grade levels in
seven schools, students whose arithmetic instruction
was supplemented with drill and practice, computer
based instruction (C3I) programs had significantly
greater post-test zains on the computation section of
the Stanford Achievement Test at grades two and three,
on concepts at grade three and on applications at

grade six. In a similar study in Mississippi, Kieren

(21
(24

N’
B

2ports that there ware si

4

3T pant
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S
favoring CAI. These reports indicated that apart from
scholastic achievements, students did respect the
computer as a teaching device, attitudes changed
vositively toward mathematics, out thers were no reports
of change in attitude toward school and no change in
attendance patterns.

In 1977, a study was conducted a2t Cooiah-Lincoln

1

Junior College, Mississippi by Daughdrill (11)
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utilizing two algebra classes., One class of thirty-
four students composed the experimental group, and a

second class of thirty-two students composed the control

group. 3Soth the exverimental and ccnirol groups were
taught by the investigator. The experimental group
was taught by a method designed to facilitate zalgorith-
mic thinking and provlem solving by suprlementing
traditional classroom instruction with individual

interaction with time-sharins computer terminals and

-t

with computer oriented technigues for problem solving.,
Flowcharis were utilized zs an zid to students in
analyzing and following systematic procecdures in order
to obtain soluticns. Students wsre instructed <o
develor a Ilcwchart which depvicted a plan for soiution

restate solution

- - fadead 3
in the BASIC programming lanzuage and
dveamna dlia smavm ammamm  agm  la AAvarmrsdemn vl A Atdes S aa »
vywe LVILT  wvia sl ia Wil wid WM VT - W de b d A b V™ W Wmmmes e a

BASIC programming language and solved selected alzgebra
orovlsns by writing and execuviing computer prograns,

cerformed as well on the achievement fest as students

demonsiraticn meitnod. lloreovsr, %he iime spent on
learning computer mathematics and using the computer
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as a proulem solving tool, at the expense of regular
classroom instruction, did not adversely affect the

achievement of students in the experimental group.

C. Recommendations in Developing CAI

Sorlie and Zssex (44) reported that in 1973 the
school of Basic Medical Sciences at Urbana-Chamraizn
obtained money from the federal government to develoDd
a2 computer based curriculum on the FLATO IV computer
system. One hundred fifty computer lessons were
developed with each lesson having objectives, self-
tests and multiple entry and exit points. These
computer lesscons were designed to be exported to other
universities. From a comprehensive evaluation, it was
foundéd that students indicated preferences for those
lessons which emphasized problem solving., Students
liked to be able to corresvond on line with the authors

of the lessons.
This type of student author interaction was

important since many opponents of educational computers
charge that the use of a2 computer dehumanizes students
because it removes them from exchanges with their
instructors. Sorlie and Essex (44) recommend that to
develop CAI, the following points should be considered:

1l. A minimum of a six-month funded start-up
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D, Documentation of CAI

There are many reasons why the documentation is
critical in the field of CAI. Kearsley and Hunka
(1¢) add that the development of CAI courseware is
an expensive and time-consuming endeavor typically
involving fifty to one hundred hours of design and
programming time for each hour of instruction
delivered. Clearly, this development effort can be
justified if courseware can be shared by many students
at different institutions. Documentation of courseware
is essential to ensure that the transfer of a course
from one institution to another is possible and
successful. Documentation is also necessary to prevent
the duplicazion of similar or identical courseware.

Kearsley (19) mentions two levels of documenta-

tion. J

he Tirst level of documentation
potentizl user with sufficient information to determine
the need for further inguiries, The first level
contains the following information:

1. subject matter of the course,

2, status of the course,

3. authors of the course and their addresses,

L, availability and conditions for release of

courseware,
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. characteristics of intended student group,
. types of instructional strategies used,

amount of time required to complete the course,

support materials required,

O 00 3 O W\n

. the system used and the date of documentation,

The second level of documentation is designed to
provide detailed information required by people who
are actually working with the courseware, This level
of documentation includes proctors, computer operators,
instructors and students, Documentation is necessary
for the ongoing continuity and stability and the
instructional effectiveness of the course.

The review of literature has revealed that very
few studies have been made in developing CAI units in

calculus, The studies concluded that the experimental

= ¢ I PR
S it cacliSnivarly,

secondary, and community colleges showed that students
took a2 sherter time in completing CAI units than the

lecture and demonstration method.
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III. DESCRIPTION OF THE CAI SYSTEM

The traditional display of CAI is the cathode ray
tube (CRT) which is similar to that used in television
sets, Initial development c¢f the PLATO project at%
the University of Illinois produced a plasma based
display. 3Bork (5) says that the CRT technology appears
resilient at present. Two fundamental types of
information can be displayed on the screen, alphanumeric
information (letters and numbers) and graphic
(pictorial) information.

Bork (5) states that CAI systems can e divided
into the following categories:

1, large-scale time-sharing systems in which

hundreds of student stations are utilized,

2. medium-scale time-sharing systems in which

fifty to one hundred terminals are used,

3. small time-sharing systems in which two to

fifty student stations are utilized,

L, stand-alone systems with occasional access

%o a remote system,
5. pure stand-alone systems,
PLATO is an exanmple of category c¢ne., The D=C

System 10, the DEC System 2C and Sigma Series are
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examples of category two., The PDP 11 is an example of
category four., The categories four and five zare leas

knowm %o students., An example cf a stand-zalon

-
PR WERV Y SJS ue

2]

is one just recently develored by Terax Corporation in
Scottsdale Arizona. Another example of a stand-alone
computer is the PET computer from Commodore. PET is
intended for the home market and limited in its
capabilities for computer-assisted learning. While

hardware is important, the major issues is the Troduc

ct

ion of learning materials by a wide variety of
individuals,
A, Trne CAI ZHardwzre, Zoitwzre and Coursewars
The charge 90Iten nmade 1s Shat CAI is dshumanizing,
tut lagidscn (27) disazress. The sducaticnzl oronmise
of CAI liss in its 2bilisy To individualize and

exzerisnces not readily zveiladls, CiI lesscn (course-
ware) can serve as text, test and tutor whils comzel-
ling stulents To be active Tarticiranis in their om
leerning., 3Students work zt Tthelr ovm daces ~hiles the
CAIl lesscen meniters thelr Trogress and generally
Trevanis them Ifrom continuing To more zdvanced werk

-—-n
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and practice, tutorial and simulation. The drill and
practice mode is the most widespread partly because
it can be used to help instructors make vp and check
practice exercises, Typically, students are given

a seriles of related questions to answer and are
provided immediate feedback to the answers they give.
As the student demonstrates mastery, more difficult
questions are posed by the computer. In the tutorial
mode, students are presented with instruction inter-
versed with appropriate questions.

Sometimes, the student is allowed to ask related
guestions which the computer answers. Question
formats are commonly multiple-choice, matching, fill-
in and short answer. Sophisticated CAI systens can
catch or allow for misspellings, judge as correct
and phrases and even allow students tc touch portions
of the display to elicit a computer respense. The
simulation mode is exciting since it allows the
student to discover and generate new information.

The results of a current study supported by the
National Science Foundation in 1677 shows that courses
in which the computer was most frequently utilized zare

computer science, engineering, business, mathematics,
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social sciences, dnysical sciences and education in

order of the greatest usage tc the lesast usa

e, In

0q

[

1977, the Human Resources Research Organization

(HumRRO) published zn Academic Computing Directory

which identified over 150 American schools, collieges

and wniversities +hat have used CAI successiully. The

reasons for this wide usage are:

L.

2.

evidence of student achievement,

evidence of increased institutional produc-
tivity,

a variety of applications in many subjects
and courses,

the teaching of computer Literacy,

an outstanding computer science or data

Drocessing orogran,

fublished studies comparing the effectiveness
of CAI to traditional institution rerort
conflicting results, but generally conciude
that CAI 1s at least as effective and often

more effective than the *traditionar instruction.

since most CAI is currently being used to supplie-

nent and compiement traditional instruction, nect to

repiace it, there is great difficulty to compare CAI
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and traditional instruction. Illagidson (27) asserts that
the effectiveness of CAI is dependent upon the quzlity
and reliability of hardware, software and courseware,
An effective CAI lesson which typically takes a
student an hour to complete generally takes over one
hundred hours of preparation time plus student testing.
The FPLATO system now has over six thousand instruction-
al hours on it. Ilagidson (27) alsc states that insofar
as cost-effectiveness is concerned, the trend is toward
decreasing costs for computer hardware and software
despite increasing manpower costs,

A new audiovisuzl medium combining CAI with
videodisec technology 1is currently being develored by
the Control Data Zducation and WICAT Inc. The videodisc

combined with a microorocessor, will permit motion
pictures %o be used in zn interactive .mode, The
motion picture can be viewed in single frames, in slow
motion or reverse order sequence without scund.
Graphic and textslides can be intersversed with motion
pictures in any course mode using sound, words,
graphics and animation. This new audiovisual medium

will enhance the systems approach to instructional

design and develorment.
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whether the method of presentation is drill and

practice, tutorial, simulation or game,

4, Criteria

Information about the successful completion of

the total program must be documented.

5. Individual needs

The CAI strategies should be analyzed to deter-
mine their adaptability to individuzal needs. When
additional instruction is necessary, the techniques
of the second presentation should be different in
clearly identifiable ways from the original instruction.
Branching should occur automatically whether the student
needs enrichment, acceleration or remediation and

students should be able to interact with CAI

6. Reinforcement

Students sometimes work on paper and pencil tasks

with no knowledzge of how well or poorly they are doing,

e ~ had - [
¢ Gal &lLlOWS

[(4)

bu ach exercise to bve graded as 1t 1is
completed, The reinforcement of knowing how well you
are doing immediately upon <-cmpletion of the task, is

one reason students lixe CAI,



ifot only is each problem or exercise graded or

3 R — informats 3 PRI "
recorded, tut aggzrezated information is available on

an objective or a

0
[
cl

of cbjectives., CAI can

operate 1n some ways as a private tutor

instructer. Uzon the student's completion of an
interactive JAI session, the insiructor can find cut

what the student has worked on and what should e dons

Creative programs mctivate students alfhouzgh a
student ney enter an answer aiter 2 litile or no
thought, a response of "wrong" IZrom the compuier is

unwelcone ATfer the first few imrulsive answers,

of continuing to input thoughitfully will give some

encouragement to do better,

10, Validity and accentability

CAI programs must teach what They »urpert o



34

teach., Students and faculty should react favorably
toward the use of CAI, and educators should perceive

its instructional wvalue.

11, afficiency and effectiveness

Studies revort that the mean time for course

compietion using CAI is about one-half to two-thirds

of the standard time alloted to the course. Liorgan
(30) adds that CAI drill and oractice mode is
consistently eifzsctive and that CAI is effzctive es

a supplement to instruction rather than a substitute
for instruction. The need of instructors and
specialists for achievement data on soecific objectives
and Tor direct assistance with instruction makess the

conmputer a natural ally for instruciion.

Instructional utilization cf computers is
usually subdivided into two categoriss, namely,
computer-assisted instruction (CAI) and comduter-
managed instruction (CHI). Splittgerber (48) defin
CAI as a teaching Drocess directly involving the
computer in the presentation of instrucitional
materials in an interactive mode 0 provide znd control

the learning environment for each individuzl student.



CMI is the instructional management system utilizing
the computer to direct the entire instruction. The
distinet difference between CAI and CMI is that in the
CAI mode, the computer functions as a teacher while in
the CII mode the computer functions as a manager.

In practice, computer instruction does not
dictate the type of instruction found in universities,
In figure 1, CAI is illustrated as focusing on the
direct teaching of concepts and skills while CHMI is
illustrated as being a2 broad concedt encompassing the
typical modes included in CAI and other forms of
instruction which do not directly require the use of
the computer. Since CAI does not have to be employed
in order to have CMI implemented but CHI is usuzlly
required to manage CAI data generated by students, the

n q S FmaA Tawe ~ee
CAI rectangle is separated by an arrow.
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Spiittgerver (43) revorts of the following conclusions
zoout CAI:

1, Generally, CAI has the potentizl to be an
effective instructional 2id when measured
through the results of student achievement,

It appears to ve more effective in tutorial
and drill modes, and also more effective for
low-abiiity situdents than for middle or high-

ability students.

)

. hen students are permitted to prcceed at
their ovm rate, they will generally learn nore
rapidly througnh CAI than through traditional
instructional methods,

3. The retention rate of material learned under
CAI appears lower than for traditional
instruCiTlional aoPIroacnes,

L, CAI is as effective as other means of indi-
vidualized suprlemental instruction if it is
utilized as a supplement to regular classroom
instruction,

5. Despite equipment malfunctions, students are

highly enthusiastic about CAI as an

instructional mode,

In table 1, are data on presently used major CAI

and CMI systens.



Table 1.

Data on the major CAI and CMI systems,

PROJECT

DEVELOPER

SERVICES

Automated instruc-
tional

Management System
(AIMS)

TYP1s - CMI

wisconsin System of
Instructional lManage-
ment (WIS-SIM) designed
for Individually Guided
Instruction (IGE)

TYPE - CMI

Individually tre-
scribed Instruction/
Management Information
System (IrI/MIs)

TYVE- - CMI

Instructional Manage-
ment System (IMS)
TYrE - CMI

Program for Learning
in accordance with
Needs (PLAN)

New York institute
of Technology

wisconsin Research
and Development
Center for Cognitive
Learning

Learning Research
and Development
Center at University
of rittsburgh assis-
ted by Research for
Better Schools

system Development
Corporation south-
west Regional Lab

American Institutes
for Research and
now managed by

kvaluation of

student progress,
prescriptions,

and empirical validation
and optimization

of instruction

Criterion-referenced
tests, achievement
profiling, diagnosis,
prescription, and instruc-
tion

Diagnoses and

prescribes, Collects

and processes information,
competence, performance, and
progress of each student

Assists with pacing,
grouping sequencing,
and individualization

Monitoring and
supervising, test scoring,
diagnosis, prescription,



Table L continued

PROJECT

DEVELOPLR

SIERVICES

TYPr - CHI

Interactive Training
system (ITS)
TYPI - CAI

rrogrammed Logic for
automatic Teaching
uoperation (VLATO)
TYPis - CAI

mtanford Project
TYPis - CAI

Time-shared, Inter-
active, Computer-Con-
troilled, Information
Television (TI1CCIT)
TYPE ~ CAX

vestlinghouse
Learming Corporation

Tnternational
Business ijachines
Corporation

University of
I1tinois, now
manzged by Controdt
Lata Corporation

Stanford
University

IMITRIs Corporation

individualization, inservice
for teachers

Develops courses,
teachers write courses,
any mode of presentations
is permitted

Any CAI mode can be
employed, develops courses
and units, especially
helpful with simulations and
game playing, revision and
editing at any time

Revisions and editing

at any time, but for problem-
solving and drill-practice,
cchools usually contract

for services

Revision and editing

of program, monitoring, and
evaluating student progress
utilizing all four modes

of CAI
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D, Strategy for Developing CAI

A team approach is desired to develop courseware

involving content specialists, instructional designers,

programmers and evaluators. Dimas (15) suggests the

following process of developing courseware:

1.

1N}

The team members of a given discipline nmeet
for the purpose of determining curricula and
lesson priorities. During this first step,
the areas within the course are analyzed

in order to determine where students are
experiencing the greatest difficulty. These
areas are assigned a high priority for lesson
development, and a decision is made as to
whether CAI can alleviate the learning
vroblem or not.

Assignments are undertaken Dy the Ifaculty Ior
the develorment of a one or two page scenario.
A scenario is an overview of a lesson and
should include student objectives, a descrip-
tion of the content, and a pedagogiczal
approach,

Scenarios are submitted tc team members and
criticized in a group setting., Revisions, which

are agreed upon by the team, a2re incorporated



a Trame
zppear

4.

1

scenzrzio, The use of discussion does nuch to
te false starts on a lesson scripi®, which is
by Irame hard copy view of the iesson, The

riember uses a full sheet of paper to simulate

of CAl, Answer judging and other information

at the bottom of the page.

A lesson script is developed from the scenario
and submitted to the team where it is
critigqued in a group setting. IJsvisions zare
made and the script 1s again discussed by the
grouv. The Drocess is repeatsed uniil the

script is approved by the team members., It

should be mentioned that the discussion

orovides many worthwhile
of Ttrust both of

e

provided,

E s
th

The preclse instructions needea t¢ Dresent e

lesson script are entered into the computer by
the prozrammer.
The lesson is criticized by ihe :sim as

portions oIl <he script are crogrammed.
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complete, a written critique of the iesson is
submitted by each member and discussed in a
group setting.

Revisions which have been agreed upon by the
group are incorporated into the lesson by the
author and programmer.

The lesson is tested with a few capable
students, data are recorded, and revisions
are made,

The lesson 1is student tested and objective
data are obtained.

Using the objective data gathered from the

previous step, the lesson is again revised as

needed., This step is repeated as many times

as necessary unti. the lesson is complese and

~ven though the team approcach to courseware

develooment appears to have the zreatest potentizl,

Dimas (15) provoses that individual effort in the

authoring or Jdrogramming Drocess should be nurtured

wherever »Dossiblie Decause:

L.

The programming 2bilities of faculty and staff
will be extended.

An atmosphere of creativity will be Ifcsterecd
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IV, THE TICCIT AND PLATO SYSTEIH

Rhw PLATC IV system is probazbly the largest,
most heavily funded CAI experiment in the world,
Denenberg (13) reports that the original National
Science Foundation (NSF) grant of five million dollars
and the matching five million dollars from the State
of Illincis have, since 1959, resulted in z veritable
river of software and about one-half dozen hardware
sites capable of supvorting that software. Two best
knovm approaches will pe discussed in this chzapter.
They are the Time-shared, Interactive, Computer-
Controlled, Information Television (TICCIT) system and
the Programmed Logic for Automatic Teaching Operations

(PLATO).

A. The TICCIT Systenm

The TICCIT system was a small CAI facility which
combined minicomputers and television receivers in
an instructional system with the display capabilities
of color television. Alderman et 2l., (1) report that
teams oi speclialists were assempled to produce
courseware which aimed at providing a compliete and
indspendent alternative to entire colege courses in

selected subjects.
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curriculum at some universities. Denenberg (13)
reports that in these institutions, students could
register for courses and even earn college credits in
classes taught primarily by the computer. Instructor
involvement varied from direct supervision of all
student work to supplementary assistance drovided upon
student request. Instructors in mathematics courses
where the devartment policy set the TICCIT coverage
according to curriculum requirements, had responsi-
ility for managing classes sometimes three times the
size of usual lecture sections and for advising stu-
dents on thelr course progress. All courseware
followed the same instructional design, essentially a
form of learmer control built around hierarchical

content structure,

comdrehensive plan for implementing the TICCIT

program and 2 manual for introducing faculty tc the
system, The TICCIT program depended on college faculty
to determine its content structure and to revise the

initial versions of courseware,

3, zffects of the TICCIT Prosgram

In the 1975-76 academic year, Aldermen e+ 21, (1)

stated that in an evzluation of five thousand students
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in nearly two hundred sections of target courses, the
TICCIT program offered a great opportunity to contrast
the results of courses taught by computer with the
results of conventional practices. The evaluation
concentrated on four aspects of performance namely,
course completion rates, student achievement, student
attitudes and student activities.

The impact of the TICCIT program on course
completion rates, defined as the proportion of students
enrolled in a course who later fulfill the course's
requirenents and receive grades with credit was
negative in every case except one. For instance, the
average completion rate for mathematics courses was
16 percent for TICCIT classes and 50 percent for leature

sections., It apoears that the TICCIT program had

o dela T Y
v

ne likelinood that a student
would complete the college requirements for course
credit, Students stayed with the program, but failed
to complete all the lessons required in order to earn
college credits,

Students completing a2 mathematics course on the
TICCIT system had higher post-test scores than compar-

able students in lecture sections., ZEZEstimates of the size

of significant TICCIT effects indicated zan increase over
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the achievement outcomes of conventional mathematics
instruction. Student reactions to the TICCIT program
were generally favorable, However, viewed in compari-
son with student attitude toward classroom teaching
methods, the affective outcomes of the TICCIT program
were often less positive, In mathematics courses,
students rated special features of the TICCIT program
lower than the classroom counterparts. Further,
students in lecture sections reported greater satisfac-
tion with the amount of individual attention given
them, than did students in TICCIT classes.

To a great extent, this may have resulted from the
high student-instructor ratio in some TICCIT classes,
With a class of comparable size consisted with tradi-
tional practices, the attitudes of students toward

- - 2 - -~ eV A m= A Tm PR ¢ S =
learning on ©the TIZCCIT system were about the same with
n

(]
’.Ju

thos lecture sections. Indeed, Znglish classes on

the TICCIT system supplenented by small discussion
groups with an instructor led to more positive shudent
attitudss than ¢id lecture-discussion classes,

erhaps the original specificztions for the TICCIT

vrogran had underestimated the importance of the

instructor to students.
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In considering the impact of -the TICCIT program
on course completion rates, it was found that any
form of self-pace instruction is likely to exert a
negative effect on the pace of student learning. The
completion rates in TICCIT mathematics classes were
comparable to those found in other sections taught by
orogrammed instruction. Anzlyses for achievement
results and course completion rztes suggested that
those students who benefited most from learning on
the TICCIT system, were students who were stronger in
their subject matter preparztion with students of a
similar background in the subject matter, Alderman et
al. (1) suggest that there might be consistent positive

results on all aspects of student performance.

B. The FLATO System

The PLATO (Programmed Logic for Automatic Teaching
Operations) system is the CAI system the author has
chosen tc develop university level calculus units. The
PLATO System is based at the University of Illincis
nousand Terminals a2t dispersed
locations and provides each site with a central
library of lessons. The use of lessons in the PLATO

system depends on its zttractiveness to teachers and
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Zach site for a PLATO terminal can give access to
any PiATO lesson stored in the central library. In
addition, any user of the PLATO sysfem can commumicate

directly with any other user on the systen.

1. Context of the demonstrations of SLATO

Alderman et al. (1) reported a study which was
conducted in five community colleges in Illinois with
a total of 116 terminals, Although PLATO lessons were
available in many different sunject areas, the primary
thrust of the study was concentrated in accounting,
biology, chemistry, nglish and mathematics. Instruc-
tors in the colleges determined how much the system
would cost and what lessons would be available to then.
The autonomy permitted instructors, was consistent with
the developers' zoal of making a powerful resource
available for education. Generally, instructors inte-
grated PLATO lessons into their class curriculum and
replaced portions of their own classroom coverage.
Zven though the PLATO system had anticipated that
instructors would develop FLATO lessons by themselves,
it soon became necessary for a central staff to coordin-
ate teacher efforts and so avoid redundancy and
facilitate dissemination among the colleges. Alderman

et al, (1) state that PLATO developers had overestimated
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the proportion of a course that would be taught on the
system, for instance, less than one-third of student

instruction was given in the CAI mode,

2, Bffects of the PLATO System

Alderman et al. (1) also mentioned that the PLATO
system provided instruction to approximately four
thousand students in each semester of the study., 3e-
cause many instructors agreed tc teach a section of a
course with PLATO lessons as well as another section of
the same course without stucent exposure to the PLATO
system, it was possible to implement a design which was
partially balanced for possible instructor effects and
college effects,

The basic finding of the evaluation in the areas of
student attrition and achievenent was neutral. Student
exposure o the PLATO system had no ccnsistent impact
on attrition., The average completion rate for FLATO
answers was 58 percent in contrast to an average of
5% percent for non-PLATO courses, Among twenty-
three popdulations examined for achievement, there
were eleven positive PLATO effects and twelve negative
PLaTO effects, The few significant eifects for either

outcome could be plausibly explained by instructor
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differences.

The impact of the rFLATO system on student
attitudes was generally favorable, FLATO students
showed significantly more favorable attitudes toward
computer-assisted instruction than non-rLATQO students.
Seventy to ninety percent of the students lized the
fact that they could mzxke mistakes without embarrass-
nent, that PLATO made nelpful comments on their
worx, that CLATO make good use of examples and
illustrations, that they could take part in their
instruction at each step in the lesson, and expressed
the desire tc take another course in the <LATO systen.

zighty-eight percent of the students disagreed
that using sLATC was dehumanizing or boring. In
the comparisons of PLATO and non-rLATO students,

equaily iarge percentages of toth groups of students

)

21t challenged to dc their work, thought that they
received jindividuzl attention, felt free to ask
questions and express ovpinions, often discussed their
course material with other students, did not find it
difficult to get help when they did not understand
the nmaterial in their courses, and would recommend

their respective courses to their friends, The results

tend %0 reiute some common stereotyses that computer-
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assisted instruction may have an isolating effect on
students. Alderman et al. (1) reported that in 177
observations of PLATC sessions, trained =ducational
Testing Service (ZTS) observers noted an increase in
contact between students and instructors and between
students themselves. The observers rated the students
as generally very attentive to their work, relaxed,
enthusiastic, and active with the PLATO systen,

The impact of the PLATC system on instructors
was a favorable one. Tor instance, 72 to 86 percent
of the instructors judged the number and content of
PLATO lessons, the clarity of the material presented
and the use of examples and illustrations to be
adequate for their students. Instructors did not
verceive the FLATO system as isolating the students from

- & dela b - b ca amla du
rercent ¢f the instructors thousght

}o

that they had more contact with the students because of
rLATO, while only 15 percent thought that their contact
with students was decreased beczuse ¢f FPLATO. About
78 percent of the instructors did not perceive the use
of PLATO as decreasing their workload and 3G percent

thouzht that their workload was increased because of

FLATC, Zighty-eight vercent of the students intende

£,

to continue using PLATO in their courses. About 80



to 83 percent of the instructors judged PLATO to
have a positive impact on student achievement.

The wide acceptance of the PLATO system without
appreciable negative impact on student verformance seems
consistent with the conditions under which the study
took place. There may have been too little time
svent on the PLATO system to affect student achievement
in an entire course. In most cases, students spent
less than eight hours on the the PLATO system for a
course, A number of alternative explanations might
account for student's attraction to the system such as
the novelty of CAI or the sophistication of the PLATO

systemn.

C. Zvaluation of the PLATO System

The following are negative aspects of PLATO:

1. PLATO has some hardware and software problems
that decrease its effectiveness. The
usage of the many terminals at once can cause
the system to stop. The Control Data
Corporation {CCC) is remedying the situation.

2., A centrzl pedagogical vhilosophy within the
PLATO system is that anyone can teach himself
TUTOR and be busily writing lessons for

students within a short time, This philosothy
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may hold for a very simple CAI program, but
the more useful lessons require a2 degree of
expertise not commonly found in many
rrofessional programmers,

The positive aspects for which PLATO was chosen

as a CAI system to assist in developing the twenty
CAI units are:

1. The PLATO system allows individuzlized
instruction. On the PLATC system, each
student can droceed at his own speed through
the sets of units that comprise rarts of the
course,

2. ZLATO CAI is especilally fruitful in the area
of drill and practice., Iiiathematics anc many
areas in the rhysiczl sciences seem tc it
tne rLATO format,

2, The library cf existing coursewzre (programs)
is impressive even though there zre few CAI
units in mathematics 2t the universify level,
The special function keys allow rapid, creative
andé enjoyable ccmposition of lessons by authors,

L, The interest in the system does not wear off

after a long period of time.
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5. 1Income from royzalties and licensing fees
beinzg paid by commercial users of inventions
develoved fer the PLATC system are now provid-
ing a substantial return on the investment
in PLATC,

Like any other man-made tool, PLATO technology
can be used or misused with equal ease, PLATO's
potential is deep and broad and if intelliz ntly and

humanely used can help people educate themselves.
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V. DESCRIPTICN OF THE CALCULUS UNITS

The first step in the development of the calculus
units as illustrated in chapter three, section D, is
a preparatory stage which is divided into the following
categories:

1. choosing a topic,

2, stating the course objectives,

3. writing the content outline,

L, stating the instructional objectives,

5. obtaining pre-test scores.

Since a discussion of categories 1 and 5 is
contained in the third chapter, this chapter will be
concerned with categories 2, 3, and 4, In section A4,
categories 2 and 3 will be discussed while in section

-

B, category & will be discussed.

A. Ceneral Objectives
Since Liathematics 121 is a course taught in Iowz
State University, the selection of the subject matter
in the course has already been made by the mathematics
devartment. There are two instructionzl objectives
for this course, The first instructional objective

is concerned with:
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L. creating new and concrete situations that
enhance the learning of the material,

2, introducing the students to a more advanced
course Mathematics 122 and assisting the
students in their applications to their
disciplines.

The second instructional objective is that of
providing the student with an understanding of calculus
frequently employed in mathematics, engineering and
the physical sciences such as

l. applying the first and second fundamental
theorems of calculus,

2. computing integrals by using formulas,

3. 1integrating by trigonometric substitutions,

by parts, completing the square, by partial

S Ao meaA YWee vmaccawao -l deamt e - e ohe e 2
fracticns, and by powsrs of TTigonomeirTic
functions,

L, computing cross-sectional length, cross-
sectional area, improrer integrals, polar

coordinates,

5. writing parametric equations,

6. calculating area in polar coordinates, surface
area, and volume of revolution,

These two instructional objectives not only
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describe, but also assist in analyzing the tasks that
the student is to perform. A task analysis of the
goals is conducted by defining the prerequisite
behaviors necessary for the student to attain. The
identification of each unit of instruction completed

the course outline, and helped in defining the objec-

tives of the course.

B, Objectives of Each Unit of Instruction

A task analysis of the twenty instructional units
showed more sub-tasks., The following information
contains descriptions and instructional objectives of
the twenty instructional units.

In Unit 1, the first fundamental theorem of calcu-
lus pertains +to the integration of continuous runciions
in closed intervals., The function could be expregsible
in terms of polynomials, logarithms, exponentials,
trigonometric functions, or any composition of these
functions, There is one problem already solved for
the student and five problems in which the student is
required to fill the blanks to be able to solve the

problems,

Upon completion of this unit of instruction,

the student should be able to:
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1. compute integrals of continuous function in

a closed interval,

2. differentiate polynomials, logarithmic func-

tkons, exponential functions, trigonometric

functions and any composition of these

functions,

3. solve all the twenty-five problems at the

end of this umit of instruction.

The second unit continues with the second

Tundamental -theorem of calculus by differentiating

an integral. A continuous function f(x) is defined

on a closed interval [},b]. Then a student is given

a2 new function y(x) and defined as equal to &2 f(t) dt

for a<X <b, The function y(x) is said to be

/
differentiable and its derivative is f(x). There

are two prohlems
five problems in

the bianks to be

which the student is required to £ill

able to solve the problems,

Upon completion of this unit of instruction, the

student should be able to:

1. differentiate integrals,

2, set up the function to be differentiated,

3. solve 21l the twenty-five problems at the

end of this unit of instruction.
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Up to the third unit, the method of evaluating
has been by the fundamental theorems of calculus,

In this unit, eleven formulas will be used to evaluate
integrals of common fuhctions. There are two problems
already solved for the student and five problems in
which the student is required to fill the blanks to
be able to solve the problems.

Upon completion of this unit of instruction, the
student should be able to:

1. select the right formula to use for each

specific problem,

2., recall a1l eleven formulas,

3. solve all the twenty-five problems at the

end of this unit of instruction.

The fourth instructional unit deals with
computing intesgrals of exponential and rational
functions., In this unit, attention is given to the
integration of three types ¢f functions. There is one
problem already solved for the student and five
problems in which the student is required tc fill the
blanks to be able fto solve the problems. .

Upon completion of this unit of instruction,
the student should be able to:

1. select the right formula to use for each
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specific problien,

2. solve all the twenty-five problems at the

end of this unit of instruction,

The fifth unit is concernmed with integration by
trigonometric substitutions. Some ten formulas are
provided and three illustrations of how three dominant
integrands are used in computing integrals. There
are three problems in which the student is required
to £ill the blanks to be able to solve the problems.

Upon completion of this unit of instruction, the
student should be able to:

1. select the right formuia to use for each

specific problem,

2. draw appropriate diagrams to facilitate

problem solving,

LUL]

end of this unit of instruction.

The sixth unit considers the method of integrating
by parts. The derivation of the method of integration
by parts is shown. There is one problem already
solved for the student and five problems in which the
student is required to fill the blanks to be able to

gsolve the problems,

Upon completion of this unit of instruction, the
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student should be able to:

1. separate the integral into two appropriate

parts,

2. choose one part to be easily differentiable

and the other part to be easily integrable,

3. solve all the twenty-five problems at the

end of this unit of instruction.

In the seventh unit, completing the square and
integration by completing the square is emphasized.
The general quadratic function is rewritten to show
the method of completing the square. There is one
problem already solved for the student and three
problems in which the student is required to fill the
blanks to be able tc solve the problems.

Upon completion of this unit of instruction, the

~] T 7
ent should ke zgtls

1. complete the square,

2., use an appropriate formula in a previous
unit of instruectioen,

3. solve all the twenty-iive problems at the end
of this unit of instruction.

In the eighth unit of instruction, the method of

integration by partial fractions is provided, The

definition of polynomial and rational function is
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mentioned. There is one problem already solved for
the student and four problems in which the student
is required to fill the blanks to be able to solve
the problems.

Upon compietion of this unit of instruction, the
student should be able to:

1. select the aporopriate case for the problem,

2. complete the square,

3, solve all the twenty-five problems at the

end of this unit of instruction.

The ninth unit of instruction is concerned with
integration of powers of trigonometric funciions.
The unit lists identities useful in integrating powers
of trigonometric functions. There is one problem
already solved for the student and four problems in

weln 2 Ala  dela SJ—--AA“J- S - P -
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able to solve the problems.
UOpon completion of this unit of instruction, the
student should be able to:
1. select the right identity cr cobinztion
of identities to use,
2. convert from one identity to another,
3. solve ali the twenty-five problems at the

end of this unit of instruction.
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The tenth unit of instruction pertains to
integration by miscellaneous substitutions. In this
unit, four types of substitutions have been provided.
There is one problem already solved for the student
and three problems in which the student is required
to £ill the blanks to be able %o solve problems,

Upon completion of this unit of instruction, the
student should be able to:

l. choose the correct substitution,

2. change integrand to the appropriate form,

3. solve all the twenty-five problems at

the end of this unit of instruction.

The eleventh unit of instruction deals with

computation of cross-sectional area, The unit

develops the are length formula in three forms. There

12
(BN

or the student and

is one Dproviem aireazady solive
three problems in which the student is reguired o
£ill the blanks to be able to solve the problems,
Upon completion of this unit of instruction, the
student should be able to:
1. select the correct formula to use for each
specific problem,

2, differentiate appropriately,

3. substitute in the formula,
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L, solve all the twenty-five problems at the end

of this unit of instruction.

In the twelfth unit, computation of cross-sectional
area is emphasized., The unit develops a method of
calculating the cross-sectional area by the use of an
elementary strip. There is one problem already
solved for the student and three problems in which the
student is required +to £ill the blanks to be able to

solve problems.

Upon completion of this unit of instruction, the
student shoutd be able to:

1. make a sketch of the function,

2. draw an elementary strip,

3. write the area required,

4, solve all the twenty-five problems at the

end of this unit of inst

The thirteenth unit of instruction is an enrich-
ment pertaining to the average of a function over an
interval, This unit presents the notion that the area
of the rectangle is‘equal to the area under the graph.
There is one problem already solved for the student

and three problems in which the student is required
to £ill the blanks to be able to solve probLems.

The student, ter completing this unit of
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instruction, should be able to:

1. write the difference between the intervals,

2. compute the required integral,

3. solve all the twenty-five problems at the

end of this unit of instruction.

In the fourteenth unit, improper integrals are
emphasized., This unit of instruction deals with two
cases of functions that are continuous at a point.
There is one problem already solved for the student
and three problems in which the student is required
to fill the blanks to be zble to solve the problems,

After completing this unit of instruction, the
student should be able to:

.1, select the case to use,

2, write the limits of integration,

3: solve aii the iwenty-five problems at the

end of this unit of instruction.

In the fifteenth unit, polar coordinates are
introduced, This unit gives a method of changing from
one coordinate system to another. ¢ns problem is
solved for the student and three problems in which the
student is required to fill the blanks to be able to

solve the problems,

Upon completion of this unit of instruction,
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the student should be abie to:

1., convert from rectangular coordinates to polar

coordinates and vice-versa;

2. change polar equations to rectangular

equations and vice-versa,

3. solve all the twenty-five problems at the end

of this unit of instruction.

The sixzteenth unit of instruction is concerned
with infinite sequences and series., This unit
includes definitions on sequences and sums, a2nd a proof
of the convergence of geometric series. There is
one problem already solved for the student and three
problems in which the student is required to fill
the blanks to be able to solve the problems,

Upon completion of this unit of instruction,

~ W 3o,
dent should be able to:

1. compute sum of a convergent series,
2. find out if a series is convergent or
divergent,
3. solve all the twenty-five problems at the
end of this unit of instruction.
Unit seventeen continues with the area of polar
coordinaves., This unit of instruction describes

a method of using a sketch to evaluate the area in
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polar coordinates. There is one problem already
solved for the student and three problems in
which the student is required to f£ill the blanks
to be z2ble to solve the problems.

After completing this unit of instruction,
the student should be able tc:

1. sketch the apopropriate diagram,

2, write the area of a sector of a circle,

3. solve all the twenty-five problems at the

end of this unit of instruction.

In the eighteenth unit, the area of a surface
of revolzation is examined, This unit deals with four
different formulas for calculating the area of a
surface of revolution. There is one problem already

solved for the student and three problems in which

. . . o
tndent is reguired +c i

3 $ 7 <+l W )
the s t g 112 the blanks

doa e~
W we

able to solve the problems,

After completing this unit of instruction, the

student should be able to:

1. select the appropriate formula for the

problen,
2, draw a sketch of the area required, if

necessary,

3. solve all the twenty-five problems at the end
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of this unit of instruction.

Unit nineteen pertains to the volume of a solid
of revolution. This unit deals specifically with the
disec and.shell methods of finding the volume of a solid
of revolution. There is one problem already solved
for the student, and three problems in which the
student is required to fill the blanks to be able to
solve the problems.

Upon completion of this unit of instruction, the
student should be able .to:

1. sketch an appropriate volume,

2. write the integral of ths volume,

3. solve all the twenty-five problems at the end

of this unit of instruction.

The twentieth unit of instruction is the final
s of all the previous nine-
teen units., At this final stage, the student should
be able to solve 211 the twenty-five problems provided

at the end of this unit of instruction.
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VIi. DISCUSSION

The CAI units of instruction in calculus
described in the preceding chapter can be used in
a calculus class in addition to the lecture and
demonstration. The, twenty units of instruction
should be learned in one quarter, However, the
option is provided for self-pacing, which allows for
the completion of the instructional units according to
a student’s schedule or motivation. The student can
ask questions from the instructor or refer to the cliass
text or any additional supplemetary material.

Many of these ideas, together with observations
in this study are discussed in the following section
of this chapter. Recommendations for future develop-

ment of thesze CAI units on calculus are reflected in

section B of this chapter.

A. Observations
The present CAI systems such as TICCIT and
PLATO will be superseded by current revolutions in
large integration and videodisc which will be

improved through new generations of technology for

education. Dwyer (16) states that the complexity

inherent in human nature drives the relationship
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between technology and education. That deep technology
is of no importancg without a deep view of education.

From the review of literaiture, it was found that
computer systems have been designed to generate
equivalent test forms, Therefore, the question is
not whether the computer can be used in this way, but,
rather, how computer systems can be designed to
meet the particular needs of an individualized
mathematics program and to enhance the effectiveness
of this instruction.

The CAI units in this study consist of the main
topics of the course., The first CAI unit was pro-
grammed in a PLATO terminal at Iowa State University,
About six hundred hours were required to complete
programming this CAI unit, while only five hours were

aAmIrad Trm +h Mo~ e
re red LY v

o £ Lt
g — ——. VAT M Mk G £ t2

ion of this unit by the method
of lecture and demonstration.

Nearly all the students who were introduced %o
this CAI unit of instruction appeared highliy motivated.
Some of the students were so interested in this unit
that they completed a2 unit within three days. The more
capable students appeared to enjoy CAI because it
allowed self-pacing which is lacking in many lecture

and demonsiration methods. Another positive feature
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that was mentioned by the students was the feedback
they received during their interaction with the comuter.
Student interest was shown when there was a breaxdown
of the computer, They continuaily inquired when the

- system was to become operational.

Suggestions from students about portions of the
program that could be misunderstood were valuable,
Through the analysis of student respanses, clarifying
statements were included., The amount of time required
to compiete a unit of instruction ranged from 50 to
120 minutes, while 45 to LUU percent of the scores
were correct. A major limitation encountered in this
study was the considerable time required to program

the relatively small amount of student contact time
at the terminal,

The CAT systen used in this study, rLATO, was
developed when the resources of educational, commercial,
and government organizations were combinec., This
development had an outcome rare in the history of
governmnent support of education. Income from

royalties and licensing fees being paid by commercial

users of inventions developed for the PLATO system

are now providing taxpayers with a substantial return

on their invesiment in addition to long-term educational
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benefits, Stolurow (50) reports that PLATO lessons

now show steady improvement in instructional effec-

tiveness.

B. Recommendations

The future of CAI is guestionable, On one hand,
there is restriction of funds., For example, there are
no new projects whose funding is comparable to the
funding by the National Science Foundation of the
TICCIT and YLATO projects. On the other hand, the
commercial sector is developing which means more
restricted research. The technological ftrend toward
niniaturization will tend to reduce unit cost due to
"chip" technology. This relatively low cost will
enable students in many academic disciplines to take
advantage of the new powerful tools, If the semi-
conductor industry keeps up the trend of providing
denser memories at a lower cost per bit, then more
attractive mini CAI systems will be created so that
reliable, secure, and transferable software and
courseware are produced.

The first recommendation is that, before the use
of PLATO or any CAI system, the student should be
well-informed of the capabilities of the CAI system
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being utilized, The student should be familiar with
sign-on procedure, the terminalt's keyboard, and the
conputation mode.

The second recommendation is that these CAI
units in calculus will be tested in many calculus
classes. Since an effective CAI program requires pe-
riodic content updating and expansion of individual
features, the curriculum material shouid be continuzally
changed. These further tests can assist the CAI program.

The third recommendation is concerned with the
operational management of the PLATO system. There is
a definite power hierarchy from student, author, course
director to the PLATO project programmer. To be success-
ful, all members must cooperate so that there will be
coordination at each step of the process. Although
this hierarchiczl power structure seems t0 be necessary
to ensure some level of security, it should not promote
elitism,

Finally, CAI has good capabilities in individual-
izing instruction, doing research on various teaching
modes, and developing ways of assisting instructors
and authors in the develorment of instructional
materials, If CAI is intelligently and humanely used,

it can really help veople educate themselves,



7

VII. SUWMMARY

The primary purpose of this study was to develop
computer-assisted instruction units in calculus for
students at the university level. These CAI units
were designed to provide instruction and related
practice problems to mathematics, engineering and
science students who are enrolled in Mathematics 121
at Iowa State University. The emphasis of this study
was on the develorment of operational CAI units in
calculus,

A description of the three main components of
a CAI system namely the hardware component, the software
component, and the courseware component was given.
The facilities of the PLATO terminals at Iowa State
University were used for this study. The PLATO
system contains a programming mode which an author can
use in programming lessons or in conversing with an
author.

Since the computer-assisted units in the study
are 10 be used by the student to supplement the
instruction obtained from the traditional lecture and
demonstration methed, a class text entitled Calculus

and Analytic Geometry by Stein (49) was used. The
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material in the calculus course called Mathematics 121
is designed to be studied in a period of one quarter,
The contents of a class text were then divided into
twenty suitable CAI units. £Lach unit contains an
explanation of the concepts involved, at least one
solvsd oroblem and twenty-five unsolvsd oroblams,

The explanation of the concepts involved in each
unit is aimed at providing the student with the tools
to work., The solved problem is a detailed illustra-
tion of what the author expects of the student in the
problems to be solved later., In the three to five
partially solved problems, the sfudent completes the
blanks shown. With this method, the student learms
each step that is required to achieve the desired
results, If a wrong answer is filled in the blank,
there will be a "wrong” response from the compuier,
The student can then erase the wrong answer and insert
the right answer, go back to previous information to
be acquainted with the material, strike a HELP key
or ask the instructor for help. If a right answer is
filled in the blank, there is a *right" response from

the computer and the student can continue learning.

At the end of each unit there are twenty-five

nultiple-choice problems. The probability of getting
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one problem right out of five problems by guessing

is 0.,2. These twenty-five probliems encompass all the
subject matter in each unit. Therefore, the successful
completion of these problems enhances the student's
understanding of the materiadi.

The final step in the development of the calculus
units involived editing and revising the curriculum
material, The first CAI unit was programmed on
PLATO IV and students remarxed that it faciiitatea
their ltearning of caicuius, Hopefully, with the devel-
orment of computers, that will teach a wide varievy
of subject matter in an effective manner, the social
ills brought on by an unequal distribution of quaLity
education will be decrezsed,

Major recommendations resuiting from this study

1. Before the use of FLATO or any CAI system, the
student should be well-informed of the
capabilities of the CAI system being utilized,

2, The CAI units in calcuius developed in this
study, will be tested in many ciasses.

3. Research in adapting the CAI system to other

diseciplines should be encouraged.
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X. APPENDIX A: CALCULUS CAI UNITS

A, Unit 1
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The First Fundamental Theorem of Calculus

If £ is continuous on E_a,bj and if f=d4/d&x(F)
then fgf(x) dx=F(b) - F(a).
F should be expressible in terms of polynomials,
logarithms, exponentials, trigonometric functions,
their inverses or any composition of these functions.
Solved problem:

Pind the area bounded by y= 2sin X the x-axis and

between x= 0 and x=T/2.
~

Y

7: SN

,//////f

0 T/ < X~

Sclution:

f(x)=2sinx is continuous on [O,TT/Z:]
£ = d/dx(f) therefore, 2sinx =4/dx(-2cosx). F(x)=-2cosx
Required area V§23inx dx

= 2cos{T /2/2cosu= -2{0-1)= 2 .

Now try solving the following problems:

1. 2t
1. foe dt,

Solution:

f(t):eZt is continuous on [O,lj
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£ = a/dt(F), ¥ = a/at(—>), F(t) = e2¥/2
f% et gt = —>

therefore, jg' e2t dt :(ez-l)/z

2. J‘f(B/xz) dx

Solution:
f(x) 8/::2 is continuous on [1,2]
£=d/dx(F), 87x%= d/dx(—>), F= -8/3x -
(f 8X-2 dx = -—;
therefore, ff 8x~% dx= -8(2)-3/34-8(1)'3/32 7/3

3. fg x3 dx

Solution:

el

- . . . g
f(x) x” is continuous on [ —> _]

£ 4/dx(F), D =d/dx(—> ), F=x/4

ﬁ x3 dx = >
therefore, f?? x3 dx = 34/1&—24/4 65/4.

e
s[5 rm e

Solution:

£(x)=7/% is continuous on Cl,ej
£= d4/dx(F), 7/x=a/dx(—> ), F=71nx
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(fomaeas —
therefore, f i (7/x) dx=7lne-71nl =7 .
1,7 #
5. .( 4x exp(x ) dx
)

Solution:

f(x)= 4x3 exp(x“') is continuous on [_

> ]

£-=d/dx(F), 4x° exp(x”)=a/dx( —>), F= exp(x")

ﬁ)' 4x3exp(x4) dx= el-eoz e-1

HELPl:

Remember the differentiation of the following

functions:

1., 4/dx (sinax)=a cosax, where a is a constant.

o

. 4d/dx (cosax)= -asinax, where a is a constant.
. 4/dx()= nxn"l. where n

23 s

(W

(20

s a constant.

F

d/dx(e®*) = 2e®*, where a is a constant.
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B. Unit 2
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The Second Fundamental Theorem of Calculus

Let £ be continuous on the interval Ea,b]
let y(x) = j X £(4) at for a< x¢b,then y is differentia-

ble and its derivative is f.
yl(x)=£(x) or d/dx(ﬁ)c £(t) dt) =f(x)

Trial problem:
Let £(t) =t> and y(x) :.J(;‘ £3 at
Find y/(x).
Solution:
1. Method A
y(x) = (: £ at xU’/Llr-aL"/Ll«
y/(x): d/dx(xu’/l&-au’/Lp)z 4x/14=0 =%

/

therefore, y (x);x3 .

2., Methecd B
v(x) :f: £ a4t

Let u =x, the upper limit{ of integration.

Let dy/du= u3, then dy/du :.x3 since u=x,
y’(x): dy/dx =dy/du. du./dx.-_-xB('}.):':.:~:3

Therefore, y/(x) x3

Since method 2, involves differentiation only,

it is an easier method to solve these problems than
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method 1 which may involve functions which are
difficult to integrate. Method 2 will therefore be
used in solving the problems in this unit.
Now try solving the following problems:
1. If y(x) =f§ t* at, find v/(x).
Solution:

Let uz —>, the upper limit of integration.
Then du/dx =1

Also let dy/du =
Substituting u for x, dy/du = —>

v/ (x)= dy/ax = dy/du. du/dx = —2>
therefore ¥y ,(x) = pr3 .

2. If y(x)= ffztl/z dt, Pind v'(x).
Solution:

Let u= —>, the upper 1imit of integration.
Then du/dx= 2x,

Also let dy/du:ul/ 2
Sltbstituting u for x%, dy/du = —_
y (x)=dy/dx =dy/du, du/dx = —>

therefore.; v/ (x) = 2.-2

v

3, If y(x):fé‘ tan?t dt, find v/(z).
Solution:

Let u= —, the upper limit of integration
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du/dx =1

Also let dy/du=tan 2u
Substituting u for x, dy/du = —>
y’(x}::dy/dx-:dy/du. du/dx = —7>

.. y /(x):ta.n 2x

x3 . . /
k, If y(x) 1 Sin 3tdt, find y'(x).
Solution:

Let u- —>, the upper limit of integration.
Then du/dx 3x2

Also let dy/du sin 3u
Substituting u for x3, dy/du = —>

Y/(X) =dy/dx =dy/du., du/dx = —>
Therefore, y'(x) = 3xsin 3x>

5. If y(x) f‘g‘— J1-43 at, £ind y/(x).

Solution:

Let u= —», the upper 1limit of integration.
Then du/dx=1/2x~%/2

Also let dy/du = S :L-u.3

Substituting u for xl/?'. dy/du = —>
y/(x) = dy/dx =dy/du., du/dx = —>
Therefore y’(x):( (1-x3/2)/%)/2.
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C. Unit 3
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Computing Integrals of by Using Formulas

Up to this unit, the method of evaluating an
integral has been by the fundamental theorems of
calculus. Now, eleven formulas will be used %o
evaluai2 integrals of some common functions.,

1. [(fre) ax =[rax+[g ax
where f and g are functions of x.
2, kafdx :kffdx
where k is any constant and £ is a function of x.
3. fxn dx =% T/ (n+1) 40
where n and ¢ are constants and n¥-1-
4, fsina X dXx= -3 cosS 2xX + ‘C
where a and C are constants
5. j’cos ax dx =asin ax+C
where a and C are constants
6. _tha.n x dx = 1n|sec x/+C
where C is a constant
7. fcot ¥ dx=1ln{sin x[+C
fsec xdx=1n { sec x+ tan xf+C

.
where C is

m
Q
P
El
(7

9. fcscx dx=1n [cscx—cot x[+¢
where C is a constant

10, fsecz x dx =tan x+C
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where C is a constant
11, [ese?x ax=-cot x+C
where C is a constant
" A quick method, of knowing whether the integral

of a function is correct or not, is by differentiating
the obtained function. If the original function is
obtained, then the integral of the function is correct.
e.g. From formula 1L above,differentiate -cot x,.
i,e, d/dx(-cotx) =d/dx(-cos x)/sin x
= (sin x d/dx(-cosx) - (-cosx) d/dx) /sin® x

= (sin x sinx -cosx cos:z:)/sin2 X

2 zx: 1/ sinzx = csczx

= {sin“x + cos?x)/sin
therefore, f esc?x dx= -cotx+C.
It is advantageous to be able to choose which

formula or combination of formulas to be used.

Prob
Te

For this problem, formula 3 is the most appropriate.

clved

Substituting 3 for n, the result becomes
j 3 ax=x3T1 (3+1,+¢
therefore, Jx dx = x//+ +C

f9x4dx

In this problem, formula 2 and 3 are the combination
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of formulas to use., k is represented by 9 and f is

n

represented by x° in formula 2. Then Formula 3 is

used next. )
i.e. .(’9 x* ax =9J"x‘* ax=9 x*T1/(u+1)+c
= 9 x9/5+C
therefore, f9 xL” dx =9x5/ 5+C
Now try solving the following problems:
1, J.x 9 ax
Apply formula 3 to this problem,
fx ? dx = ~>+C
e fx 4 dx:xq'/ll-.

2. f?sin 4x dx
Apply formula 2 and formula 4 to this probiem and
replace k by 7 and a by 4.

J( 7e3% 4x=—>eF+ g

therefore, 5'783:{ dx = (7/3)e3x 4+C

3. f(x“+3x3+ 6) dx

Apply formuia 1 and formula 3 to this problen.
r Je ~ i
J(xT+3%74 6) dx=—> +C

therefore, J (xu’-f' 3x3+ 6) dx -.-.x5/5 + 3xq'/l++ 6x+ C

4, ftan Lx dx
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Apply formula 6 to this problem. The difference

between this problem and formula 6 is that there is

a figure 4 in this problem which is nonexistent in

formula 6. Differentiate 4x with respect to x and

the result is 4, Now rewrite the integral to be
ytanlt-x dx = ——?f‘ban 4x, 4 4x,

The constant 1/4 is needed to make the right hand

side of the equation equal to the left-hand side

of the equation.

therefore, tan 4x dx (1/4) tan 4x, 4 dx

ADPDPly :E_‘ormula 6 and the result becomes

(l/1+)jta.n 4x, Hdx= —>+C

therefore, J-tanux dx = (1/4)1n | sec 4x]| + ¢,

5. Jseczt dt

This oroblem is the same 22 tha+ ch

[N
- i So— " - wasts W W

10, except that in this problem the variable t

replaces the variable x
fseczt dt = —>+¢C
therefore, J seczt dt =tan £ +C
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D. Unit 4
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Computing Integrals of the Type

jf/(m/f(x) dx, j‘ax dx and feax dx
Having studied differentiation and elementary
integration, it is noticeable that the integration
formulas arrived at, are obtained from standard
differentiation formulas.
e.g. d&/ax (3x7)=21x0=1"(x)
therefore, ff /(x) dx :-fz.lxédx: 3x7.:. f(x)

sSolved problem:

Find | 7x/(3+%%) dx
Solution: :

Let I = f?x/(a-'rxz) dx
Differentiating the denominator, f(x)= 3+ x?
therefore, £’ (x)=2x, £'(x)/£(x)=2x/(34%%)
Multiply I by an appropriate constant so that the

-} e -
int °"2... is SGuiasL ©o

therefore, I = (7 /2) fo/(BfX ) dx =(7/2)in | 3 +x9+¢C
where C is a constant of integration.

l*-i

Formulas

1. ff’(x)/f(x) dx=1n [£(x)[+¢
where C is a constant

2. faxdx = a¥/ina ¢, a> 0, a=+1

where a and C are constants
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3. j’eax ax =e®*/a+¢
where a and C are constants

Now try solving the following problems
1. (x/(x®+84) ax
The denominator in the integral is f(x) = ——>
therefore, f/(x)z-—%P, f/(x)/f(x):;l———4>
Now multioly this integral by an appropriate constant
so that the integral below is equal to the integral
above.

fx/(xz-*;-n) dx = —éfzx/(xz.-f- 4) dx
The answer is—>+C

Jx/(x"#—lw dx (1/2)1n ] xz-f-ai +c

2, feu'x dx
This is a direct application of theorem 3 and
replacing a by 4.

[e® ax =—+c

(¥ ax = /410,

3. f P% dx
Differentiate 5x with respect to x and rewrite the
integral so that formula 2 can be used,

£75x ax= (1/5) f 75%(54x) = —> +C
J7°% ax = (1/5)75%/1n7+4 ¢



105

b4, J-x+3/(x+4) dx
Divide x+3 by x+4%
x4 3/(xt4)=1 - —>
i.e. f(x+3)/(x+4) dx = —» +C
therefore, J’(x +3)/(x+4) dx = x - In(x &)+ C
5. J-sin 2x/(1-+cos 2x) dx
The denominator in the integral is f(x) = —>
iz —>, )/t = —>
Now multiply this integral by an appropriate constant
so that the integral below is equal to the integral
above,

fsin 2x/(1+cos 2x) dx = —
=—>f-231n 2x(l+cos 2x) dx
The answer is —> + ¢

(

.. o .
therefore,; l gin 2%/

v
-(1/2)ln |1+cos 2x|+C

71 L - QA e
14cos 2x) &x =

-~
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E. Unit 5
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Integration by Trigonometric Substitutions

Trigonometric substitutions are usually used for

integrands which contain any of these three forms

az-bzxz, . lbzxz-az. and \Ja2+ b 2

FPirst form of substitution:

For az-bzxz, use x =(a/b) sint, dx=(a/b)cost dt

therefore, \,[ a2-b2x? :.\E;.z-bz( (az/bz)sinzt) :Jm
a \\! 1-sin®t =a cost,

Second form of substitution:

For \ibzxz-az, use x= (a/bjsect, dt={(a/b)sect tant

therefore, \\ bzxz-az :E;?-( (az/bz)seczt)-; :im

= a|sec”t-1= a tant

Third form of substitution

For l a2+b2x2, use x=(as/t) tant, dt =(2a/b) seczt dt
allfta.nz - a sec %

-

Some useful formulas:
1. j(az-xzfl/zdx =are sin (x/a)+C

2, j(a2+x2)‘ldx:(l/a)arc tan (x/2)+C



108a

3. j‘l/x sz-az dx = arc sec (x/2)+C

4. [(P-a?7! ax=(/2a)n | (x-a)/(xta)| + ©

5. [1/(a?-x?) ax=(1/22)1n | (atx)/(a-x) [+C

6. Sl/ x-raz dx=1n (x +\!x ~ra2)-)-c

7. jl/ 22dx ln[x—rxz-zi-rc

8. j’\]az-xz dx= (l/2)x-\l a?'-x‘?'-f-(az/Z)arc sin (x/a)LC

. —_—
J\" a2+x2 dx = (1/2)x \}az-;— x2+ (a2/2)ln(x-k}x2+a2)+ C

10, J\sz-a _xl/Z)XJx (a2/2).l.nlx-ﬁ,&2 zl-rc

Now try solving the following problems:

1. j( 81-16x%)/x dx

Solution:

81-16$c2 - —>

\i 81-16x° = 9 cost
S (\i 81-16%%)/ xdx = f9 cost /(9/#)sint dt)

:_9_(‘ (1-sin 2'l:)/sizrt'.-;9 [ (esct-sint) dt = —>
o

—
—

( \}81-16:{2)/}{ dx = 91n fcsct-cot t]+ 3cost+ C
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Substitute x=(9/4)sin t. The right angled triangle

below will be of some use,

-~

rd
9
5
; i
\!81-16x2
jﬂi 81-16x2/d dx = —>

therefore, ﬂsl-léxz /xax=91n | 9/tx-( 81-16x%)/bx|

+ (81-16%%)/3
Use the second form of substitution

x=4 sect; d&x = —>
\s x2-16 = 4 tant

fxz/ \j x2-16 dx= flésecztwsect tant)/l4 tant dt

y 16secot dt=16 J( secdt 4t —= —>

YXZ/ \;xz-lé dx 8sect tant +8ln [ sect +tant|+C

Substitute x=4sect the right angle triangle beiow
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will be of some use,

-16

fxz/ \} x%-16 d&x = —

therefore, xz/ \ 5 xz-lé dx

= X jx2—16/2+81n | x/& +x2-16/4] + ¢

3. y? /(xz\, 9+x2) dx

Solution:

Use the third form of substitution

\l ""Xz "‘:3 sect

J 7/(X2\} 9 +x°)dx :JZl seczt/é‘banzt@ sect)dx
=7j sect/9tan®t at
:(?/9)_( sin~%t cost dt = —
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f?ﬂxzx,i 9+ x?) dx= -(7/9)/sin t+C

Substitute x =3 tant. The right angle below will

be of some use.

Y?/(XZ J 9 +%x%) dx = ————>

-~

r PRSI
therefore, j?/(xz\,l9+x2) dx= - 7-J9—+x2/ 9x-C
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F. Unit 6
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Integration by Parts

Theoren:

If u and v are differentiable functions of x
d(uv)= udv+vdu
i.e, udv d(uv)- vdu
Integrating, fudv:uv- fvdu
To use the method of integration by parts, the
given integral must be separable into two parts, u
and dv., u éhould be chosen so that it is easily
differentiable and dv must be chosen so that it is
easily integrable.
Solved problem:
Find fxex dx

Solution:

X 1s easily differentizble and e* dx is easily

integrable.

Let u=x and dv =e® dx

therefore, du=dx and v=e*

F::om the theorem‘ of integration by parts,
J(x eXax =xe’x- Jexdx =xe*-e%
therefore, j xeXax= ex(x-l)+C

Now try solving the following problems

1. Evaluate lexcosx dx
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X 1is easily differentiable and 12 cosx dx is
easily integrable -

Let u= —2and dv = —>

du=z —> , v = —

From the theorem of integration by parts,

therefore, J].Zxcosx dx = —> ..J —_—

therefore, lexcosx dx =12xsinx+ 12cosx +C

2., Evaluate 3farc sinx dx
3arc sinx is easily differentiable-and dx is easily
integrable.
Let u= — zand dv = —>
du= — y V= —>

From the theorem of integration by parts,
3_(arcsinxdx:'- _— - f”—>
3 arc sinx dx 3xarc sinx - jBx/\f/_-—}zz—dx
To evaiuate tne integral on the right,
substitute t2 = 1-x%, then 2td% = -2xdx-tdt =
- Barlie® - j;3t/t at = f}dtz 3%+C = 3 1-x%4C
therefore, JBarc sinx dx = —>

SBarc sinx dx = 3xarc sinx+3urf:1?:+c

3. Evaluate 9j lenx dx

91nx is easily differentiable and x7dx is easily

integrable.
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Let u= —> and dv = —>
therefore, du= —> y V= —
From the theorem of integration by parts,
o [xPixax = —> - [—>
S 5 x%1nx = 3x3lnx-3f x%ax
= 3xiinx- —>

therefore, 9 f lenx ax :3x31nx-x3+c

4, Evaluate 2 j e* cosx dax

Let I:Zfex cosx dx

2e% is easily differentiable and cosx dx is easily
integrable,

Letu=z —>» and dv= —>

therefore, duz —>, v= —>

From the theorem of integration by varts,

I = —> - J' S

1 2% sinx-zfex SIinX QX.eeveevescacssessll)
In the integral 2 J['ex sinx dx, 2e* is easily
differentiable and sinx dx is easily integrable.

Lletu = —2  and d&v = >

— —
rd ) ¥V = 4

From the theorem of integration by parts,
2 gex sinx dx - - f —

2 Jex sinx dx = -2€xcosx+f2 eXcosx dx
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£

i.e. zj e* sin x = -2¢% cosx 41 B %9
Subsfitute equation (2) in equation (1)

I = —>

I =2¢* sinx 2% ©0S% 3

2I= 2¢* sinx+2¢* cosx

X

I=2(e* sinx+e* cosx)/2 eX sinx+e* cosx+C

therefore, ZJ eX cosx dx = ex(sinx-i- cosx) -+ C,

5. Evaluate fin J1+x dx
Let I:lex l+x dx
15x is easily differentiable and m is easily
integrable.
Letu = —> and dv = —>
du = —> , V= —2
From the theorem of integration by parts
I = — - j —
I =10x(14x)> 2-10 [(1+x)¥2 ax
Integrate 10 | (14x)3/2 ax,
I=10x (11x)¥2 (1ix)2+¢

therefore, fl5x,’£7x dax 110x(lfx)3/2_4(l_+x)5/2 +C
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G, Unit 7
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Completing the Square and Integration
by Completing the Square,

To complete the square of the function f(x)-=

ax2+bx+c, rewrite f(x) as

axz‘ bx+c =—a(x+b/2a) )z-'r(c-(bz/l#a))
Reduce the right hand-side of the equation.

a(x+(b/22) )% (c-(b%/ba) )=a(x? 2bx/2a4b°/ha% )+ c~bZ/bia

= ax%+bxi (b%/8a)+e-(b%/ba)

= ax2+ bx+e

axz-'rbx-fc: a(x+b/ Z)Z-f(C-bZ/LFa) is an identity.
Solved problem
Complete the square of 6:{2'7' 2x <+ 9 and
integrate fl/(ész 2%+9) dx
Solution:
In this problem, substitute a for 6, b for 2
and ¢ for 9, in the identity above.
6x%12x+9 = 6(x+2/2(6))% (9-4/4(6))
= 6{x+(1/6))% (9-(2/6))
= 6(x+(1/6))2+53/6
therefore, 6x% 2x+19 =6(x+(1/6))3:53/6.
§146%2x49) ax = [1/(6(x4(1/61)% 53/6 )
Use the method of substitution used in Unit 5.

Let u= \6(x+(1/6)) then du={6 ax
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The integral becomes l/Jg Jrl/(u2+53/ 6)
From the formulas in Unit 5
(1/46) J(l/(u2+53/6) ax = (1/V8).(16/ 53) arc tanlbu/ (5340
=(1/153) arc tan,6.6(x+1/6)/534C
=(1/{53) arc tan 6 (x41/6)/{53+C
therefore, j.t./ (6x2-r 2x+9) dx
= (1/ 53) arc tan 6 (x{l/6)/53+C
Now try solving the following problems,
1. Pind [1/(x%2x72) ax
Solution:
First complete the square of the denominator.

From the identity for completing squares

x2,2%42 = —>

2 . .2
x“42x2 = (x+1)°+1

f(xzfzx-‘rz;‘l dx = J(((x+1)2+1)"1 dx
Let u=xl, du = —>

j’l/((XﬂH-l) dx = Jl/(uz—‘rl) dx
Use the trigonometric substition u =tant as shown in
Unit 3.

J‘r(uz-&l ) taw = —>

jﬂ(uz-'rl)'ldu: arctan u=arc tan(x+.)+C
therefore, Jr(x2+2x+2)"ldx zarc tan(x+1l)+C.
2. Evaluate jl/ (3x2+6x~-rl) dx
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Solution:

First complete the square of the denominator.
From the identity of completing squares,

3%% 6x 4L = —>

3x24 6x+1 =3(x~‘rl)2+1/ 4
Let u =J3(xfl), du = —>

_Yl/(Bx 46x+L) dx =1/J3 J_l/(u +1)du

Use the trigonometric substitution u = tant as

shown in Unit 5.
(1/5)f (w31 taw = —

(l/.E) jl/uz-f-l) du=(1/{3) arc tan u
= (/{3 arc tan{3(xf1)4C .

3. Find jl/(4x2+2x-3) dx
Solution:

First complete the square of the denominator.

From the identity of completing squares,

4xz+2x-3 = —
ux%i2x-3= 4(xH1/4) )%~ 13/4
Let u=2(x+1/4) , du=

=
jym dx = (1/2) ( Ju?-13/4 au

Use formula 7 in Unit 3,
/20258 qu = — >
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J 1/2 &u2-13/1+ du = (l/2)ln!u+ uz-a21+c
= (1/2)1n| 2(x41/4) 4+ b(x+1/5) 2-13/4 | +C
therefore, f(4x2+22-3) dx

(1/2)1n|2(x+1/4)+ W(xF1/4)2-13/4 +C.
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H. Unit 8
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Integration by Partial Fractions

A polynomial is a function of the form

ao+alx+a2ng...+ahxp. A rational function is a

function of the form £(x)/g(x) where f(x) and g(x)
are polynomials. f(x)/g(x) is called proper if the
degree of f(x) is less than the degree of g(x).
f(x)/g(x) is called improper if the degree of f(x)
is greater than the degree of g(x).

Po reduce ©(x)/g(x) where f(x) and g(x) are
polynomials, as the sum of partial fractions, the
following cases should be considered:

Case 1, If the degree of f(x) is greater than
or equal to the degree of g(x), divide g(x) into

f(x) to obtain a quotient g(x) and a remainder r(x)

Then f(x)/g(x) =g(x) Hr(x £)/q(x)-

Case 2, If the degree of f(x) is less than the
degree of g(x), then factorize g(x) to factors that
are irreducible, 1In case ax+b is a linear factor
occuring n times in g(x), then there corresponds a
sum of n partial fractions of the form

£(x)/g(x)=1(x)/{ax+v)"

=4,/ (axtb) A,/ (ax4b) 2y F ook /(axtd)?
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where a,b, A's and B's are constants.

In case g(x)= a.x2+bx+c and f(x)/g(x) is a proper
function then

£(x)/g(x)= (Alx+Bl)/(ax2+bx+c)

where a,b,c,A; and B, are constants

If axa bx+c appears n times in the factorization of
g(x), then

£(x)/g(x) £(x)/ (ax% bx+c )"

= (A, %4B, )/ (ax® bxe 1+ (A,x4B,)/ (ax bxse) 2

. .+(Anx+Bn)/(ax2-rbX+c)n

where a,b,c,A's and B*s are constants.,
Solved problem:

Decompose (7x-1)/(x-%)(x+42) into partial fractions -
Solution:

Write (7x-1)/ (x-1)(x+2)= A/(x-1)+B/(x+2)
where A and B are constants to be determined.
Multiply through by (x-1)(x+2).

7X=1= A(X42)+B(X~=1)eveveeessersna(l)

Let %=-2 in equation 1.

T{=-2j71=B(=~3
-15=B(-3)
B=5

Let x=1 in equation 1.

7(1)-1=4(3)
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6 =A(3)
A=2
Therefore,
(7x-1)/(x-1)(x+2) = 2/(x~-1 1 5/(x+2)
Now try solving the following problems,
1. Express (3x11)/(x2+2x-3) as a2 sum of partial
fractions
Solution:
Write (3z+1)/(x%2%-3)=(3%1)/(x+3)(x-1)= —> +—>
(3x+41)/(x13)(x-1)= A/(x+3)+ B/ (x-1)
where A and B are constants to be determined.
Multiply through by (x+3)(x-1).
3%+l = —> + —>
3%+l =A(X=1)#B(X+3) cevevvevesssceocveccscscessceel(2)

Let x=1 in equation 2,

3{1+i=A

-~

rd H
1-1) B{1+

\,)

B= —>
B=1

Let x=-3 in equation 2.

3(=3)+1 =A(-3-1)#B(-3 3)

A= —>
A=2

x+1/(x%22-3) = —> + —>

therefore, (3x+1)/(x2+2x-3)=2/(x+3)+l/(x-l)-



125

2. Decompose (6x&4)/(9-x2) into partial fractions.
Solution:

write (6x+4)/(9-x%)=(6x-4)/(3-x)(3#X)= —> + —>
(6x+4)/(9-x%) = A/ (3-x) + B/ (34x)
where A and B are constants to be determined.
Multiply through by (3-x)(3+x).
XY = —> + —>
Ext4=A(3FX)4B(3=X) e evovocorcocscorosvsccocsonsl3)
Let x=-3 in equation 3.
6(=3)+4=A(3-3+B(3+3)

B= —

B=-7/3
Let x=3 in equation 3.
6 (3)+4=A(3+3)+B(3-3)

A= —>

A=1Y/3

(6234)/(9-%7) = 11/(3(3-%x)) —7/(3(3-x))

3. Express (2x%+?)/(2xg+18x+28) as a sum of partial
fractions.

Solution:

Since the degree of the numerator is equal to

the degree of the denominator, divide the numerator

by the denominator.
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1
2%% 18x 28 |2x%47
-18x-21

(2x%7)/(2%2+18x428 =1 + (~18x-21)/(2x%+18x+28)
Write

(-18x-21)/(2x%18x+28)= -3 (6x+7)/(2(2x>%+18x+28))
Therefore, (2x%+7)/(2x%+18x+28)

= 1=3(6%47)/ (2(X%+9X428) 1 e v rveanonessansnsnses(l)
wWrite

(6%+7)/ (x%+9%128)=(62+7)/ (x2) (%47)= —> + —>
(6x+7)/(x+2)(x+7) = A/(x+2)+B/(%+7)

where A and B are constants to be determined.
Muitiply through by (x+2)(x+47).

bx¥+7 = —m @+ —>

6X+7 =A(X+7)4B(X+2) et evvecrrecocescccecocaneesl5)

6(=7)+7=A(=747) +B(-7+2)
=35 =B(-=5)
B= —>
B =7
Let x=-2 in equation 5
6(-2)+7 = A(-2+7)4B(-2+2)
A= —>
A= -1
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(6x+47)/(x42)(x47) = —> + —

(6x+7)/(x+2)(X+7) = =L/(X42) + 7/ (X+7) e v evvececeress(6)
Substitute equation 6 in equation 4.
(2x%7)/(2x%18%428) = —> + —> — —>
Therefore,

(2%2-7)/(2x%118%+28) = 1+3/(2(x42)) - 21/(2(x+7))

4. Evaluate fs/ (16-x2) dx
Solution
write 8/(16-x2) =8/ (4-X) (4+x)
8/ (4-x) (4ix) =A/(4-x) + B/ (4-x)
where A and B are constants tc be determined.
Muttiply through by (4-x)(4+x).
8 =A(4+X) +B(l=X)eerernreeersoccsraanad(?)
Let x= -4 in equation 7

It

8 :A(-r—-'-'r) + B(l,’,*,-.’.‘,)

Bz —>
B =1
Let x =4 in equation 7
8 =A(4+4) +B(4-4)

A= —>

A=1
8/(16-x%) = —> + —S>
8/(16-x%) =1/ (4=-x)+1/(8+x)
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Integrating,

jé/(lé-xz) dx :f((lé-x)'l+(41x)'l) dx = —> <+ C
5'8/(16—x2) dx= -In(4~x) In(4 x}4C

=1n(4+x)/L-x)+C

f8/(16-x2) dx = In(4+x)/(4-x)+C
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I, Unit 9
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Integration of Powers of Trigonometric

Functions

The following identities are useful in integration

of Powers of Trigonometric Functions.

1, sinzx-fco szx=l
2, l+tan 2x = sec Zx
3. 1l4cot Zx = csc?x

zx - sinzx

4, cosS 2x=cos
5. cos 2x:=2 cos®x - 1

6., cos 2x=1 - 2 sin %x

7. sin 2x =-2sinx cosx

8. 2sinx cosy =sin(x-y)isin(x+y)
9. 2sinx siny= cos(x-y)-cos (xty)

10. 2 cosx cosy =cos (x-y)tcos(x+y)
Solved problem

r
Evaluate J (coszx-sinzx ) dx

Solution:

Use identity 4. coszx-sihzx.-cos 2x

j( coszx-sinzm dx -:f coszx dx=(1/2)sin 2x4C
Therefore.

(cos®x-sin®x) dx=(1/2)sin2x+C

Now try solving the following problems.
1. Zvaluate J?Z sin3 3x cosd 3% dx
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Solution:
sin33x c:os5 3x=sin23x sin 3x cos5 3x
:(l-cosz3x)sin3x cosSBX
=s8in 3x cos53x-sin3x cos7 3%
Use the formula that f(f(x))n £ (x) dx:(f(x))n'*l/(n-i-l)
Therefore, fzz sin33x cos53x dx = j——?
72 jsin33x cos53x dx
= 72 f(cos53x sin 3x-cos73x sin 3x) dx

Hence,

J?Zsin33x cos53x dx= -4cosé3x+3c0583x+c.

2., Evaluate jls cscéx dx

Solution:

lscscéx :15csc2x cscL"x =l§csc2x(l+cot2x)2
=1 5csc2x(l+2cot2x+cot4x)

_ 2. 2 2 4 2
=15¢s8¢7x+30 cot“xesec“x+1l5 cot xesetx

Use the formula that states that

f(f(xnn £/(x) ax=(£(x))?"Y/ (n+1)tC
Hence, lecscéx dx

3. Evaluate ﬁl’cot3zx dx
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Solution:

coi:3 2x=cot 2x co’c22x=cot 2x(csc22x-l)

=cot 2x cSCZZX-cot 2X

Use the formula that states that
~r(f(x})nf/(X) dx:(f(x))nﬂ/(n—*l)-i-c

Hence,
f#cotBZx dx:JL;(cot 2:x+cot22x—cot2x) dx = —> +¢0C

54001:32:: dx = -cotzzx,_-;- iIn Ic_sc ZAI +C

4, pvaluate f3ta.n4x dx
Solution:

ta.nq'x :tanzx tan

:tanzx seczx-tanzx

:tanzx sepzx-(l-seczx)

- tanzx seczx-l seczx

2

b :tanzx(secz

X-1)

Use the formula that
(£(x))Pe/(x) dx =(£(x))* L/ (ns1)+C

Therefore,

J3tan4x dx =( 3tan2x seczx-B-Bseczx) ix = — +C

cawas

J 8tan*x dx =tandx-3tanxi3x+C
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Integration by Miscellaneous Substitutions

Substitutions are often suggested by the form of
the integrand. The following are good substitutions
to use,

1. For an integrand of the form (ax+b)l/n, use

the substitution ax+b=ﬁn, where a,b are constants.

2. PFor an integrand of the form Ja+bx+x2, use the

substitution a+bx}x2=(t-x)n, where a,b,n are

constants.,

3., PFor an integrand of the form

-Qa+bx-x2 ;kcfx)(d-X), use the substitution
a+bx-x2;(c+x)2t2 or the substitution-
a+bx-x2:(d+x)2t2, where a,b,c,d are constants.
&, For an integrand involving trigonometric
functions, use the substitution tan(z/2)=t.
On differentiating, (1/2) sec? (x/2) dx =4dt,
sec?(x/2) dx = 2dt, dx =2/sec?(x/2),dt =
2/ (1+tan?(x/2) )=2/(1+4t%)dt
Also, sinx=2tan (x/2)/ (1+tan2(x/2)) = 2%/ (1+%%)
cosx = (L-tan®(x/2) )/ (L+tan®(x/2) )=(1-%%)/ (1+¢2)
tanx =(2tan(x/2))/(1-tan® (x/2)) = 2t/(1-1?)

Note that cscx:l/sinx:(l+t2)/2t
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secx=1/ cosx:-.(i!.-i»'l:2 )/ (l-tz)
cot x-.-:l./'l:a:mc-;(l-’t:2 )/ 2%

Solved problem: Evaluate 1/(l-cos x) dx

Let tan (x/2)=t. From method 4 of substitution, dx=

2/ (1+1:2 ) 4t and coﬁsx:(l-tz)/(l-szj

J,l/(l-cosx) dx «":J2/(l+t2)/(l-(l-tz)/(l+t2)) dt

=f2/ (2t%) at =j1/t2 dt

= -1/t+C = =1/tan(x/2)}4C
Therefore

J(.'L/(l-cosm ax= -1/tan(x/2)4C.
Now try soiving the following problems:

1. EBvaluate JQ./ (3+2sinx) dx

Solution:
Let tan(x/2)=t, then dx = —> and sinx= —>
fl/ (3+2sinx) dx = >
(1/(3v2simnian 0/ (1120 (3ae/ (1142 an

J1/(3t2ut43) at

-.:jl/(3((t+2/3)2+5/9)) dt= (1/{5)are tan(t+2/3)/({3/31C
= (1/{3)arc tan (3t+2)/[5+C
Therefore

®
J 1/ (3t2sinxdx(1/{5) tan (3tan(x/2)+2)/J57C

2, ZEvaluate _{‘cos-\Fc dx
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Solution:

Let t={x, then dt = —>
substitute t and dx in the integral.
j-cos&dx = —D
fcos&dx :J;:ost (2% dt)-:-Z\J‘ tcost dt
= 2tsint -2 j sint dt=2tsint+2cost+C

2 S-JZ sin&-iZcos Jx+C

3, Find fl/(x\' x2+x+l) dx

Solution:
2. . 2 .
Let X*xrl:(t-x) .t'000000‘0..000.....0.(1)
Solve for X in terms of t.

Solving for x in terms of t,

x2-+ X+l :t2—2xt+x2

x(1+2%) =t2-1
x=(t2-})/(1+2%)
dx = ((112t) (2%)=(t2-1)(2) )/ (1+2%%) at

= (2t+4t2-2t242) (142t%) dt

C2t22t42)/ (1426)% at

2 R
\Sx 4341 :j( £2.1)2/ (11-2t)2—f-(t2-1)/ (1+2t)+1
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20 (62-1)% (12-1) (1 28)+ (1421)2)/ (Lr2t)

= (t¥-2t2 1424213 2511 bt 4t2) (1 2t)

= (tFr2tdiat2ieta)/ (1428) = ($34441)/ (112¢8)
J’ l/(x,’xz-fx.—}:l) dx =

A

j‘l/ (x -,]x2+ x+1)dx

>

=[(2(82+ $1) (1+2%) (1428))/ (124) 2 (£2-1) ($3¢441)) at

=(2/(%-1) at=1n|(-1)/(t 1) #C
From equation 1,

xzfx{-l —.-.(‘l:-x)2

Write t in terms of x.

t = =

xz-,-x-;-l =(*[:-x)2

(.2

NX T R4 =heX

‘t:ii

K FXH1IX

jl/ (x\l x2+x+l) dx

‘ -‘-lnl(j 22 x4 +x-1)/( %% x41bx+1)] +C
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Computation of Cross-Sectional Length s

n=-1

The length of an arc ¥Q is the limit of +the

0
Hy

um of all

ct

P

o

- 1
- )

N

e

[

f(x) where

continuous

the Chords PA-l’ AlAz. ® & 0 90 0 0 0 .%-lQ.
and Q{b,m} be two points on the curve v o=

f(x) and f/(x), its derivative are

on a<X<b, then the arc length s is given

by s = _&,st = Sb _}l+(dy/dx)2 dx

Let P(a,l)

a

and Q(b.m) be two points on the curve

X h(y) where h(y) and h/(y), its derivative are

continuous

r

on 1<£y<m, then the arc length is given

by s = lPst = S‘nil]_{-(dx/dy)z dy
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Let P(t.—.tl) and Q(t:tz) be two points on the curve

defined by x=f(t), y=g(t). Similarly, if the

conditions of continuity are met, the length of PQ is

s= j ds= t?’-J(cizc/cif;)’34-(dy/m:r? dt
PQ '

Derivation of the arc length formula

)
¥y Q = An
A
An_,i |
’ f
>
k-1 | Ay | |
A A=

N By Vv |

Pon ] T ) |
. I . l

i | | n
i z ; i
|- i ! I
1 ' ! :
| \ I :
l 1 ' ! [l
1} I A
: : ' I
| a : loX, x b

0 S Cr-1 k41 ®h-1 ®n Xk

From the figure a2bove, the interval z <Xx<b is

divided into points CO"a’cl'CZ"”cn-.L ,cn:b. with

corresponding points P:AO,A}_,AZ. cees Ah—l’%:q'

Ak_lAsz (A px)? (AKy)Z;JH(AKy/Akx)Z
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There is at least one point x=x, on 4, ;Ay such that
/
(%) =AY/ A X

Ag_1Ayg = HEAx NP, Cp1 < X <Xy
Taking the 1limit as k tends to infinity.

2,
lim > / 2 |b
PQ n-S<0 k_l\}l"f(f (Xk)) = LJl’f’(dY/dx)z dx

Solved problem

Find the length of the arc of y 2% 2/3 from
x=1 to x=2.

Solution:

v 2x72/3 | ay/ax 2, 1+(dy/dx)P=1+x

2 2
Arc length s:ir 1l+x dx {l/z.l.!.i-x]
1

1
= 1/2(1/3+0)=(1+{3)/(2{3) wmits

Now try solving the following problems,

1. Find the length of the arc of the cuzve x=212,

y:tz from t=0 to %=1 .

Solution:

dx/dt = —> , dy/dt = —>

dx/dt =4+t , dy/dt =21t

(dx/dt)2 + (ay/d4)2 = —7
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(dx/dat)2+(dy/at)2e (v1)24 (21)%=16424 442 = 2042
1—>
The arc length s = R0t™ 4%
0 )
3 1
The arc length s—= 20tT dt=)20 | t 4t
0 0

2
o [(1/’2&2 :}l:@(l/z)wﬁ/z:zﬁ units

2. Compute the length of the arc of the curve x:et

cos3t, y:etsinj‘t from t=0 to t=3.

Solution:

X =etcos 3t, y.—.etsinB't

(dx/d%) = > , (dy/dt) = —>
(dx/dt) =e®

cos3tie’(-3sin3t) = e *(cos3t-3sin3t)
(dy/at) = e®sin3t+e®(3cos3t) = e¥(sin3t+3c0s3t)

(dx/dt)%5(dy/dat)? = —>

(dx/at) 2+(dy/dt ) 2 e‘?'t( cos3t=-33in3t) 2+82t( sin3t+3cos3t) 2

ze?%(cos?3t-6sin3t cos3t+ 9sin®Itsin33t
ésin3tcos3t + 9008231:)

o . 2 . 2 . o+
iIC€ Sin X+ cos xX=1)=10e"~"
The arc length is
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’ 3

3002t ax Ng | 2ut g4 410 [et] = {10e3
10e2% at 10 | e at |
(o © < Jo * v

v

The arc length is 10e3 units,

3. Find the length of the arc of the curve y5 =

3x2 from x=1 to x =2.

3clutions:

y2= %%, dy/dz = —>
2y dy/dx=6x
dy/dx= 3x/y
From yzz 3x2, y=J3x
Therefore, dy/dx =3x/[3x=3/{3
14(dy/ax)? = —>

1+(dy/ax)? = 149/3= 14324

2
The arc length s = ( bdx = ——
n
2 r 72
The arc length s = [ 4dx=;1+xj
.1 - Ji

- 8-4 =4 units.
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Computation of Cross-Sectional Area

y /ér =f(x)
/|
Ae(XaVe) 7 -y =Hxy)
1 %] j
”j
=
. 1=
i T L e
~ =3 kel 2 %‘ECK D X~_>

Let f(x) be continuous and non-negative on the

interval a£x<b then

im

b I o

£z ) Ax = [ £(x) ax.

[

->

M

b
-t

ﬁ)

Divide the interval a<x<b by points Cu=24C14Cpe0vrens

.cn:b. As shown in the figure, the area of the

representative strip is f£(x,) A X

£{xq) Alx +E{x,) .\zx T‘I\XB) ¢3x ,.....+f(xn) Ax
2 L
= fl T(xp) LX 35 the sum of the approximating

rectangles.
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The limit of this sum is

n (.b
1im = f(xk) Akx=, f(x) dx
noa0 K 1 Ja

which is also the area under the curve from
x=a to x=0,

To compute the area bounded by the curve, it
is advisable to skeitch the representative strip, and
the area sought. Then write the area of the
approximating rectangle and the sum for the n

rectangles. Then apply the idea that

n b
lim = f(xJgAx =] £(x) ax,
n=>o K 1 a

J

As one's skill is increased in solving the
vroviems,; some of the ste

Solved problem

Find the area bounded by the curve y:xz, the
X-axis and the ordinates x =1 and x=2,

Solution:

From the elementary strip in the figure on the

next page, the base of the rectangle is Akx, the

altitude is y, :f(xk}:x}‘;" and the area is xg Akx
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<>

e
"
M

Ak (xk’yk)

AN

\

ARINRE

s
M)
»
\

)

Ak

Then the area bounded by the curve is

n. 2
A=1lim 2 XL}:AKX _-J xq' dx
n k1l 1
2
U85 1 2qassyize-1y = (/s

The area bounded by the curve is 31/5 square units.

Now try solving the following problems,

1., Find the area bounded by the parabolz
y-:éx-xz » the x-axis and the ordinates

X=2 and x=4,
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Solution:
N
S
%
s 2
8. = y =6x-x
| j A
| 2
! ‘ -1
: . t- o (’
| IR |
= |
l = |
/ = L -
0 2 4x 4

rrom the elementary strip in the figure above, the

N
prd

Hy

tas

@
Q

RN ~ a2
ohie Teglangle is

The base of the rectangle is Ax

>
2

The altitude of the rectangle is
The altitude of the rectangle is 6x-x
The area of the rectangle is —_
The area of the rectangle is (6x-x2 ) Ax
The required area is —_—

L

The required area is f (6x-x2) dx
2
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T4
- [sz_xs /3J2:(48-64/3—12+8/3) =52/3

=52/3 square units,

2. PFind the larger area cut from the circle

x%4y?.= 644 by the line x=7.

Solution:

/' -~
. o \
/ - \
! : P .
! : e '\
; ! T \
[ | - [ )
; ! et
-8 9 SN B
3 1 [ H
k : o
i -
-1 /

/
ARSI

AX

From the elementary strip in the figure above, the

base of the rectangle is —>

The base of the rectangle is Ax
The altitude of the rectangle is ——>
The altitude of the rectangle is 2\}_6’4—-/::-2_

The area of the rectangle is
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The area of the rectangle is 2\!64-::2 Ax
The required area is —>

The required area is f _g 2\‘64-}{2 dx

7
-2 [(x/Z}lé‘J'-Xz +(64/2)are sin(x/SJ 8

=2((7/2 )\] 64-49+32arcsin(7/8 rt4y64-64-+32are sin(-8/8)

:r7-ﬁ—5+64arc sin(7/8)+64arc sin(-1) jum.ts

3. Find the area bounded by the parabolas

N 4x2-4 and y x2

-4x
T
y
(=2,12) 2
! / 2 .,
‘.\ g !f y = X -‘fx
, i
\\ /
Lo
\ \ /
\\ l / //
/ /
i ij f —
-2 ol 0N 4
Ziy
&z T
N v = bx?oi

\ (2/3,-2849)
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From the elementary figure in the figure above, the
base of the rectangle is >

The base of the rectangle is Ax,

The altitude of the rectangle is —= ‘

The altitude of the rectangle is x2-4x-(4x2-1+)
= -3x2-l+x+4

The area of the rectangle is ——>

The area of the rectangle is (-3x°-4x+4)Ax

To obtain the points of intersection of the two

parabolas, set x2-4x=1+x2-Lp

Hence, 3x2+1+x-1+ =0

x=(-4 26-4(3)(~8))/6

X =(-4 H1648)/6 = (-4 I64)/6
=(-4%8)/6

x=(-418)/6 =4/6 =2/3

x=(-4-8)/6 =-12/6 =-2
The required area is —

. 2/3,
The required area is (-3x"=-4x+4) dx
J =2

[ 3.2 2/3
= l-x7-2x%44x% . =-8/27-8/948/3-8+8+8

=229/27 square units.
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The Average of a Function over an Interval

The average of a funection f(x) over an
interval [a.bj is given by
( E}f(x) dx)/ (b-2)
g\

¥

The height of the rectangle is the the average value
of f(x) over[é,b]. The area of the rectangle is

equal to the area of the region under the graph
of f(x).

Solved problem:

Compute the average value of 3cosx in the
interval [0, /2] »

Solution:

The average value of the function is



( 3’2 3cosx dx)/(T -0)
0 .
1 N2 '
X 3cosx dx :Esinx-] =3(L)=3
0 4]
The average value of the function is

3/ (T =0) =3/

Now try soiving the foliowing problems,
1. If 2 man travels at 55 miles per hour for 1 hour
and 35 miles per hour for another hour, what is his
average velocity with respect to time?
Solution:

Let £(t) be the velocity at time t.
The average velocity is (j% £(t) d4t)/(2-0)

Examine the following diagram

£

701
60 ;

v
40! //?;/ -
30- T T
20;/ .;/ ,,/‘/’ /‘,' |

-

L
0. .
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The area of the shaded region is — >

2
The area of the shaded region is £(t) dt
0

=55435=90 )
The average velocity is ( S‘ £(t) at)/(2-0)=90/2
0

= 45 miles per hour.

2. Compute the average value of 30x(l-\‘§)2

in the interval [o,1].
Solution:

The average value required is

(] 30%(2- %)% ax)/(1-0)

1
30[ x(1-)%2 = —>
(6]

1 1
30 g x(1-{%)? =3oj (x-2x721x2) ax
0 0

, 1
30 [ x%/2-(4/50%5/ 2+x3/3]0 =30[1/2-4/541/3 |

=30(1/30) =1

The average value required is >

The average value reguired i

3. Compute the average value of ¢~ X in the
interval [1,2 ],
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Solution:

The average value required is

2
( ( e~ ax)/(2-1)
Jd

2
g e Xgx = —>
1

2 2
5 e ™3 dx:[—e‘Bx/B] =(1/3 [-e"é-,i- '3]
1 L

>

The average value reguired is

The average value required is (L/3} e"6-fre'3 J

= (1/3)(6'3-e'6).
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Improper Integrals

b
( f(x) dx is an improper integral if f(x) has
a

at least one point of discontinuity in the intervai
a<x<b or at least a or b is infianite.
Case 1l: f(x) is discontinuous at some point.

Let £(x) be continuous on a<x<b and discontin-

uous at x=b, then

b (o-€
f(x) dx=1lim | f(x) dx if the 1limit exists.
a &S O ja

-~

Let f(x) be continuous on a<x<b and discontin-

uous at x=a, then

b b
f f£(x) dx=1lim f(x) dx if the 1limit exists.
a &> 0% la

Let £(x) be continuous on a£x<b and

discontinuous at x=c where adc<b, then

b . c-& _ b
£(z) dx=lim _ f £(x) dxlin £(x) ax,
a E>0" Ja 650t je+§

if the limit exists.

Case 2: At least one of the limit points is infinite

Let f(x) be continuous on a<x<s, then
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o) S
f(x) dx=1im f(x) dx if the limit exists.
2 S~>0 | a

Let f(x) be continuous on t =x <hb, then

b b
X‘ f(x) dx< 1lim f(x) dx if the limit exists.
-20 T J T

Let f(x) be continuous on t<x<s, then

0 S c
j f(x) dx 1lim J f(x) dx+1lim ( f(x) dx
R t=2c0 S22 -® |s

if both limits exist.

Solved problem:

o

Evaluate S (1/ %3 ) dx

2
Solution:

This problem involves case 2 in which the upper
1imit is infinite,
(t
X') dx=1im X -3 dx= llm Lx /2
jz 20 jz 2

=tim (-1/2t“+1/8)=1/8
T=>=0

Therefore,
)

sz (1/x2) dx=1/8.

Now try solving the following problems.
=
1. Find g e~

cosx dx
J0
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Solution:

This problem involves case 2 in which the upper

1limit is infinite.

o %
g e'u'xcosx dx= lim j e'“’X cosx dx
0 t—=>< J0

Using the method of integration by parts,

fe'q'x cosx X = —2

ge"q'x cosx dx= e'uxsinxﬂ'rv(e'q'xsinx dx
e~ sinx H'Ee"u'xcosx - 4{ e~ Ecosx dxj
fe'u’xcosx dx = e'q'xsinx-&e'uxcosx-léj’ e~ Fcosx dx
7_( Xeosx dx =e q'x(smx 4cosx)

f Xcosx dx=e q'x(sxnx-#cosx)/l?
{ cosx ix = —>

4 4 It
J e” Xcosx dx = Ee' X (sinx-@cosm/l?j
0 0

Mt sint-scost)/17H4/17

t
lim e *Xoosx dx = —_—
+>0 {0

lim Je'u’xcosx dx= lim

-4t . _
rim 139"oe (sint-4cost HHi4/17 =4/17
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) n
Therefore, S e~ Xeoosx dx = —
0

o0 t
j e~ *cosx dx =1im e *cosx dx=4/17.
0 t2<0 |0

2 X
2. Evaluate e" dx,
J=c

Solution:

This problem involves case 2 in which the lower

limit is infinite.

2 2
e* dx= 1lim J e® dx.
-l

t o~ t
/4 2
2 oX gy :rex] =e2-e®
- t
t .

Therefore, g 2

-G

(2 o 2 +1.2
j_aoe dx::%:g_ao\-e -& _}:e .

o}

2/(14x%) dx

3. Find
0
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Solution:

This problem involves case 2 in which the upper
limit is infinite.

o2 K 2
2/(1+x°) d&x 1lim 2/ (14x%) dx
0 t-5<0 0

gt o .
2/(1x°) &x = —mm>
0

t
\

t
2/ (l"fxz) dx-={ 2arec tanx] = 2arc tant
0

lim
t 20

fz/(1+x2) &x = —>

lim jz/(l-i'xz) dx=1im 2 arc tant=2(7/2) =17 -
t3=0 to=
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Polar Coordinates

r
¥ | iP(I:',e-)
r.s
/ /, 5 Y
|
& i
0 X x

Let OP=r make an angle © with 0X, then the
polar coordinates of the point P is (r, ©). The
rectangular coordinates of the point P are (r,9)
=(X,¥). The point O is called the pole while UX is
called the polar axis, The relations beiween
rectangular and polar coordinates are
X=rcosé, y=rsinc

and rZ:xz-fyz y tan®=y/x .

Solved nroblem:

Express (2,57 /6) in rectanguiar coordinates

Solution:

Using the notation in this unit, r=2 and
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& =5T1/6 -

The objective is to find out the value of x and y.
From the relations between rectangular and polar
coordinaves,
x =rcost =2cos(57/6) ‘:-2(—-‘]_372):-5‘
y=rsin® =2sin(577/6) =2(1/2)= 1.
Therefore, the rectangular coordinates of the point
are (-15,1)
Now try solving the following problens
1, zxpress (=-4,3T /4) in rectangular coordinates.
Solution:

Using the notation in this unit,

r =

> and & —= >
r=-4 ,€=37/4

The objective is to find out the vaiue of x and y.

From the reiations beiween rectangular and polar
coordinates,

x= — and y = —>

% = rcose = =L cos(3T /b)) = -4(-32/2)= 2]2
y=rsin®= -4 sin(37 /4= -4{32/2)= -2J2

Therefore the rectanguliar coordinates of the point
are —

The rectangular coordinates of the point are
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(242,-282).

2. Express (-1,-1) in polar coordinates.

Solution:
Using the notation in this unit,
X = > and y = >
= -1 , = =L

The objective is to find out the value of r and ©.

From the relations vetween rectangular and poliar

coordinates,

r —= > and & = —>

rzc xz-ryz: (-:!.)2-1-_(--].)2 =141 =2

r={2

tan® =y/x= -1/-L =1

The required angle -& is in the third quadrant.
© —arc tanl-=577/4

Therefore the polar coordinates of the point

are —_—

The polar coordinates of the point are
(2,5T/4).

5. Transform {the equation y=3xtL into polar
coordinates.

Solution:

Using the notation in this unit,
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X = —> and y= —>
X =rcose and y=rsind

The equation becomes

rsin€ =3rcost+1
r(sing-3cost)=1

r=1/(sin6-3c0s8)
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P. Unit 16
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Infinite Sequences and Series

Definitions on seguences

If the domain of a function consists of positive

integ r 7

ers.ta. Jf:.a . .......,a,,..'chen it is called

<A

an infinite sequence,

A sequence {an?f is bounded if there exists numbers

A and B such that AﬁangB for n=1,250c000000cee

A sequence ,{an} is noninereasing if azasza; .....

Za,. A sequence 3713 is nondecreasing if

‘a. <L
31532_8.3 .nooooo-oosano
A sequence {ah} converges to a, that is
lim a, =8 if for any positive small number &, there
n-o

exists a positive number N such that whenever n>N,

then c.ni< €. A sequence with 2 1imi+ 3

.i.u-\.l- w ls a
convergent sequence while a sequence without a 1imit

is called a divergent sequence.

A sequence Can diverges 1o so ,that is lim
T n e
=0y if for any large positive number M.

there exists a positive integer m such that whenever

n>m then [a.an.' If a,>M, 1lim

P 1 ag=co but if a, <N,
lima_= - .

n
1o
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Definations on sums

An infinite sequence {an% is called an
infinite series if
oD

a.“:_-. 2 :aa -1-8. 'tooo .t-ooo
Za, =, %= %1923 %n

An associated sequence of partial sums of the series

is Sl':. al' SZ= alf'aZ'SB"-: l+a2-+8.3..--.......,

The series <a, convergss %o S, its partial sum
if lim Sn:S .
n->o
The series éan diverges if 1lim S_ does not exist.
n32o °

Importart theorems in sums and sequences

Assume lim —aand 1lim b_=b
nsooan now 2

1., 1lim (can) =¢ lim a, =ca, where ¢ is a constant

n--><0 n-3<o

2. %&go (ah:*:bn): 3.1;:‘1;0 an:'_ri;};;o bn-; a+h

3. 1lim (2_.b_)=1lim e 1lim b_:=ab
n>s BB nag “n N B

1lim (a/b_)=1lim a_/ lim b_=2a/d
n 300 0 s T opoe B

It fan converges to A, then =c¢ a, converges

to ¢ A where ¢ is a constant -
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5. If éah converges, then ﬁim a,= 0., The converse is

false since for the series =1/n, lim 1/n=0 but
n-=s0 :

< 1/n diverges,

6. If lim - 0, the = diverges.
NS« an¢ ' an * €

7. If -1<r <1, the geometric series a+ar-;..+arn'l +eo
converges to a/(l-r). a is the first term, and
r is the common ratio.
Proof: Let S, the sum of the first n terms.
S, = atartar®, . .;ar® L,

rsn"-‘- ar-+arz+ oo ot arn'l-}arn.

Therefore, S, -rS = a-art
(1-r) Sn: a(l-r?)

Sp= a(l-r7)/(1-r)

lim S =a/(1-r)-1/(l-r) lim (P)=2/(1-r)
nSc0 n->0

lim 5 = a/(l-r)
Nn->=0

Solved Drobiem

Find out if the sequence {Z-Z/n} converges

or not. If the sequence converges then compute

what it converges to.
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Solution:
th . _
The n term is a,= 2=2/n
2p 4 = 2- 2/(nfl)= 2-2/n+2/n(nrl) =2 ot 2/n(ntl)

. a.n_r >2, and the sequence is nondecreasing.

Also for all n, 0=z <2. 2, is bounded.
Since the sequence is bounded and non-decreasing, it

is convergent, The sequence converges to 2.

Now try solving the following problems:

od

1, 1Is the series 21/ n convergent or divergent?

nt+l
If the series is convergent, what number does it

converge to?
Solution:
The sum of n terms is S =1/{1+4+1/Z 4......4+1/{n
But 1/{121/{m, v/{Z21/{n,1/ (3 21/4n,....
Hence S, 2 1/{n#l/{A 5..41/fn=n/{n = r

n
lim S. > ii —_ _—_—
: nZ +1m n i =
n-2<0 N0
il 3. = oo
nSco -

é_ (1/{n) is —_—

JZ
ngl (1/§n) is divergent.
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oD
2., Find = (0.12)%
n=1
Solution:
= 2 n
=< (0.12)%=0.1240.12%..4(0.122) ..
n=1 .
The first term a is ——>
The first term a is 0.12
The common ratio r is ~—m—>
The common ratio r is 0.12
The sum of the series is a/Q-v) = —>
The sum of the series is 0,12/(1-0.12xk0.12/0.88
= 0.03/0.02=3/22.
=2 n
= 0.,12"-3/22.
n=1

3, Prove that if 0)}’, then lim Cn=:.¢o .
n-x0

Solution:
Choose > 0, Let 1=1l+k, where k>U,
Expanding by the binomial theorem,

M= (Ltk)? = >

cP o (1+K)™2 linkin(n-1)k%/2...> l+nk> U
where n>M/k, A suitable m is the largest in M/k.
T Qe >

n . - . ~
1im ¢ " >lim i+ -
n N>

Therefore, lim ¢% = oo.
n S0
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Area in Polar Coordinates

Let the area be bounded by the radius vectors
€ + 9, and €=6,.

The plane area bounded by the curve r-f(€) and

the radius vectors fr—:&l and ~G=-92 is given

®
by (1/2) ( 2 r? ge,
Fa¥

1l

|
v

Solved problem:

Find {the area bounded by r=cos 2t bounded by
t=0 and t=T/4,

_—t e waae

/4 5
The required area is (cos2t)=/2 dt
0

Ty, T/
. cos“<2t/2 dt =) (cos 4t+ 1)/4 d%
0
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/4 —
= L(sin@t)/ir\'t] /4 =\ (sinT)/ 4T/ 4=sin 0-0 | /4
0

= T/16
ll/L} 2

Therefore, J (cos2t)%/2 dt = /16
0

Now try solving the foilowing problems
1. Find the area of the region bounded by r —8¢
©=T/8 to 6=T/4 -

Solution:

T4k ("ﬂ’ 74
The area required is 1/2 78 d®=1/2 (86 ) ad
fl

T/ ?774
= (1/2) J / 6402/ 2 de—_(_l/z)[(st;/yeﬂ
/8 /g

=(64/6) ET3/61+- '?r3/192_] =327°/3 [( 3-1)/192]
=(3213/2)(2/192)

=772/9 .
he area required is /9.

2. Compute the area of the region bounded by,
r =se?d, €=0 and € =11/4,
Solution:

s (‘Tr/L} 2
The arez reguired 1s (1/2) | sec™s d&

T/u Jo
= (1/2)[ tane ]0 = (l/Z)J:tan(TT/LL)-tan e]

- (1/2)(1)=1/2 .
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Hence the required area is 1/2-

3. TFind the area of the region bounded by

r=3+co0se, €=0, and € =1,
Solution:

L 2

The required area is [ (3+ cos6)“/2 4o

0

4

T

(9+ 6coso + cos?e)/2 do
0

a—
—

|

:Ege +68in®+(sin2e)f4+e/2 ']5/2
-

=[ 198/2+6sine + (sinze)/._‘E’ /2

=(1/2)(19T/2) =197 /4 -

Hence the required area is 19 TT/4 .

N'

”~~

1/2)(9+ 6cos® + cos26/2+1/2) &

o
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Area of a Surface of Revolution

A short way to write the formula for the

surface area of revolution is

b, a
ja 2‘{ R..S.‘.............-..........-..ooo-...(l)

where R is the radius of revolution, s the arc length

and [a,bj the interval.

Let x=g(t), y=h(t) be parametic equations of
a curve, Also let g and h have continuous derivatives
h(t)=>0.. If"is the portion of the curve corresponding
to t in [a,b ], then the area of the surface of

revolution formed by revolving[ about the x-axis is
&;_Zﬂh(t) [g,-(t)jZ ‘r[h/(t)jz Qbevoeveresaorncaeel(2)

Substituting y—h(t),dx/dt =g/(t) and dy/dt=h"(%),

the area ¢f the surface of revolution is

(: 27 7 (4x/a8) 2+ (a7/a8)2 Qberrunrennnrennns (3)

Let a curve be given by y f(x), where f has a
continuous derivative and f(x)>0. Le the curve be
parametized by the equations x =t,

y=£(t) then dx/dt =1. The area of the surface area

obtained by revolving the curve above [a.b] about the

X aXis is
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j: 27Tys1+(dY/dX)2 dx............................(4)

Solved problem

Find the area of the surface obtained by

revolving part of the curve y=x/2 that lies between
Xx=0 and x=1 about the x axis,

Solution:
Using the notation in this lesson,
y=x/2 and dy/dzx=1/2 .

Apply formula 4 in this lesson. The surface area

is given by

Ie 1

j: ATENS l+(dy/dx)2 dx= (2713{/2 il«-}- 1/4 dx
0

-

= (;:'nx,l 5/ dx =52 fl x dx

0

\57/2 [x?'/ 2 ]3 = [B1/2(1/2) ={57/4

Hence the surface arez is

- A

— .
VT /0
N W7 Te

©

Now try solving the following problems.,

1. PFind the area of the curve obtained by revolving
part of the curve y= x3 between X =0 and x =2 about
the x-axis.

Solution:

Using the notation in this lesson,
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y:—_x3 and dy/dx =3x2
Apply formula 4 in this lesson. The surface area is

given by

y,: 2‘:’;‘3{&1‘#(dy/dx)2 ix = —>

(: 27T yj}_*—(dy/d}()z fo ZTTXB\(ST;—(’B;:_)_
—,-(02 ‘27rx3\1[l+ ox* dx-:-‘W'J:’)Z 36X3(\;il‘f' 9x¥)/18 ax

y 3/2]
:(27:—/3)E (14 9x™) ﬁ:(zv/a) £(145)3/2a1]

Hence the surface area is 2 ﬂ“>_(145)3/2-lj/3.

2. Conpute the area of the surface of revolution

generatied by reveolving a loop of the curve
8 y2 2+x —=0 about the x-a2xis .

’?‘

¥
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Solution:

Using the notation in the lesson

y = —>  and dy/8X — —m—>

8y2 :&Z“r xl"—.;o

v2= (x?-x*)/8

2 x )/8—(*cjl-x /242
dy/dx :l/(?.@) E! 1-x2 - x2/.il-x2_]
= 1/2{2 [(1-x2-x2 )/jl_-;_z] =(1/2{2) [ (1-2x% )/\ll-xz:]

1 +(dy/dx)2% =1+ (1-2x2)7/8(1-%%)
- (8-8x2+ l-4x2—,’- 4x4)/8(l-x2)

= (9-12%%+ 4x%)/8(1-x%) = (3-2x2)2/ (8 (1-%2))

o 2
2Trj y 1+ (ay/dx)
a

7

L
= ZWJ xy1-x2(3-2x2)2/2[2) (2 [2) JL-x2
0

. L 2
= (T /4) JO(B-ZX )X dx=TT/4 .

The area of surface of revolution is /4.

3.

Pind the area of the surface of revolution of
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the curve x:2c033t, y:ZsinBt about the x axis.

Solution:

Using the notation in this lesson,

X = —>
x= 2 cosot and dx/dt=26 cos?t sint,

and dx/dt =

y = > and dy/dt =

y:-.ZSin3’c and dy/dt= 6sin®t cost.

(dx/d%)%= (dy/at)? = >
(dx/dt)%+ (dy/dt)%=

= 36 cos“t sinzt +36 sinq't cos?t
236 cos®t sin®t (cos?t+ sin®t)

= 36 cosz’c sinzt

The required surface is generated by revolving from

=0 to & =TT,

X [T/2 »
The area required is 2(277) | v 1 (dx/

= > JO
The area required is

2 3
47T (2sin”%)(6 costsint) dt
0

i

/2
= L}STTJ o sin't cost 4% —-(4871‘/5){- sinst
.

= 48T (1/5) =487 /5

Hence the surface required is 487 /5.

‘fﬂ'/z
lo
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Volume of 2 Solid of Rewvolution

If a plane areaz is revolved about a line
called the axis of revolution, the volume of a solid
of revolution is obtained. The {two methods used to
calculate the volume of a solid of revolution are

the disc method and the shell meth.d.
The disc method

If the axis of revolution is part of the area
required, draw the area of the representative strip,
write the voiume obtained by rotating the representa-
tive strip and integrate to obtain the volume of the
s0lid of revolution required., If the axis of
revolution is not part of the area required, draw the
area of the representative strip, extend the sides
of the strip tc meet the axis of rotation, write the
voiume obtained by rotating the representative strip
andé integrate to obtain the volume of the solid of
revolution required.

The shell method

Draw the area of the representative strip, write
the volume of the shell generated when the representa-
tive strip is revolved about the axis of revolution

and integrate to obtain the volume of the soiid of
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revolution required.

Soived vroblem:
Pind the volume generated by revolving the first
quadrant area bounded by the parabola
y‘?':.x and x =1 about the x axis,
Solution:
The disc method could be used.

/T. (l:l)
y

The volume obtained by generating the representati

—_— - - - ¢

strip about the x axis is Ty*Ax.

The volume of n approximating rectangles is Sy?nlx.
The required volume is
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1, 1 s R .
V= 01_ry dx =T| x dx = |x</2 . =T(1/2)= /2.
0

Hence the required volume is 17/2 cubic units.

Now try solving the following problems,

1. Find the volume obtained by revolving the first
quadrant area bounded by the parabola yzzzux and x
= 4 about the x axis,

Solution:
Below is a sketch of the volume desired.

(4,16)
X |

A(x%,¥)

k\\};\\

O
>
"
£

/
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The volume obtained by generating the representative

strip about the x axis is 'TTyZAx

The volume of n approximating rectangles is Z‘ryZAx.
The required volume is ——>

4 (2
The required volume is J‘ yz dx:'ﬁf Lx dx
0 0
> 4
= Myx</2 | =Tu(16)/2 =327
_ 0
Hence the required volume is 3277 cubic units.

2, Use the disc method in calculating the volume
generated by revolving the area bounded by 16x =y2
and x=3 about the line x=3,
Solution:

Below is a sketch of the volume desired.

A (3,443)
Y

(5)-443)
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When the representative strip is revoived about x
=13 it generates a disc whose radius is —>

The radius of the disc is 3- X.

The height of the disc is —>

The height of the disec is Ay.

The volume of the disc is —>

The volume of the disc is Tl’(3-x)2 Ve

The required volume 1is

N’
The required volume is "T -x; dy
-3

M3 2,.,.2 L"I
= (3=y</16)% dy = 27T (9- (’*/8>y ‘ry Yr256) ay
A 0

= 27 |9y-y /84 y5/5(256)]i‘r3_

=27 [ 3603-(8)3%2 +(4)35/%/5 ]

= 2T {3(36-24+36/5) =27 {3 (12+36/5)
=257 31+ (3/5)) =(19233 11)/5

The required volume is 1925[7/5 cubic units,

3. Use the shell method in calculating the volume
generated by revolving the area bounded by 16x :yz

and x=3 about the line X=3.
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Solution:
Below is a sketch of the volume required
o , (3,43)
y
A(XY )bt
e
0

=2

A TR
Y
W

N
1

('31"'4‘1—3_)

The height of the elementary sitrip is 2y = —>
The height of the elementary strip is 2y= 8ix -
The average distance of the elementary strip from
XxX=31is —>

The average distance of the elementary strip from
X =3 1s 3-xz.

The volume of the cylindrical shell generated on
rotating the representative rectangle about x =3 is —
The volume of the cylindrical shell generated on
rotating the representative rectangie about

x =3 is 27 (3-x). 8{x Ax.

The required volume is

The required volume is
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3
16717 goﬁ( 3-x) dx

= 16T F (3x/2_x¥/?, dleén[zxy 2_(2/5)x" 2]3
0 0

=167 (233/2(2/5)32) = 3277 (33 2235/ 25,

= 325?(3-(9/5)) = (192577')/5

The required volume is l925TT /5 cubic units.
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Final Examination

The final examination consists or 25 gquestions
that cover all the work done in mathematics 121 at
Iowa State University.

Only one answer is correct in each question.,

Choose the correct answer from a, b, ¢, d or e,

S
1., Evaluate \X 1/(x+3) dx
1

a, 1In g9
b, 1In 4
c, 1n 12
d., 1n 3

e, none of the above

l .
2, Evaluate =(1- &) dax
0

a. &/9

b, 4/il
c. 4/13
d. 4/15

e, none of the zabove

[x

3, If vy (x) J 3 g{t) dt, find y’{?).
a. g(x)
b, x g(x)

c. 3x g(x)
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e,
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3 g(x)

none of the above

Find J( coszx-sinzx) dx

a.
b.
C.

4.

e.

-sin2z/2
cos2x +C
cos2x/2+C
sin2x/2+4C

none of the above

Find (e 7)5 ¥ ax

ex-r?—f'-C

(eX+7) 8/6+4¢
(e+7)7+C
e6x+C

none of the above

r

—_ R { 2 ..
Find J sec™x/ (tanxt) dx

2.

b.

1n [tanx|+c
in |tanx+ seczxi+c
In ,sec?‘x‘-i'c
in lcosxlfc

none of the above

Pind _(l/(léxzi' 25) dx

2.

tan 4x/54C
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b.
c.
S

e,
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arc tan 4x/5+C
1n (16x%+425)4 C
1/4 arc tan (4x/5)-+C

none of the above

EN

Zvaluate j \EXZ-Z 5 dx

In 'x +m[+c
{225 +¢

in [x-'rﬂ?:z;h\—c
sin@f-c

none of the above

Evaluate J9x21nx ax

'ao

b.

2 Inx-x2+C
9x3ln.x -+ x2 +C
9x 1nx 4G

6xls -G

none of the above

Find jz sin(lnx) dx

a.

b.

sininx +2coslnx

X (sin inx-cos Inx)+C
4X cosinx +C

sin Inx +4cosinx

none of the above
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12,

13.

14,
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Complete the square of the function
7x%3xt 4

a. 7(x+3)%+6

b, 72(x+3)%+1

c. 7(x+2)%43/71

d. 7 (x+3/28)%+ 103/28

e, none of the above

svaluate fl/ 4-(:&—2)2 dx
a. 2arc sin (x=-2)+C

b. arc sin (x-2)+C

¢, arc sin (x-2)/2 +C

d, arc sin (x-2)/24+1in bLx +C

e, none of the above

a, 2/(x-l)+(-2x+3)/(x2 L)
b, 2/(x-1)+6/(x%+ 4)

c. 1/x-1+(6x+3)/(x2+4)
d. 2/x-1+ (7x+3)/(x°+4)

e. none of the above

Evaluate f(x-i' 4)/(x+1)% dx
a. 1/&+13-7/(x +1)% &G
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16.

1i7.

18.
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b. In(x+1)-3/(x+1)+C

c. 2ln (x+1)+¢C
d. 3/ (x+1)-9(x+1)%+¢C
e, none of the above -

42}( sin32x dx

Find j?O cos
a. 35cos5 2x+7 sin32x +C
b, -7cos52x+ 5 cos’2x +C
c. 8 cos“Zx{- 3 sin2x+C
d, € cosd2x + 9sin2x +0C

e, none of the above

Find jZ/(S +3sinx) dx

a., arc tan (5tan x/2 +3)/4+4¢C
b. arc tan (5tanx/2t+2)/2+C
¢. arc cos (3tan x/2+4+1)+C
d, arc sec(5tanx/2 +3)+C

-~ AT b} -
S, iciie 01 viic apove

fvaluate _ﬁ) j’cz-i— 6t +9 dt

a., 18
b. 20
c. 2z
d., 24

e, none of the zbove

Compute the area under the graph (x-.)

2

between
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20.
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X =1 and x =4,

e,

10

none of the above

Find the average value of Cﬂ'cosx)/3isinx over
the interval \"_‘.-r /6,71'/2] .

a.
b,
c.
d.

e,

2-{z
2+4y2
-2-{2
-2+{2

none of the above

What is the area under the curve yw:sinzx from

X<=0 to xX=o2 ?

=%

b.

70
62
34
infinite

none of the above

Express (-2{3,2) in polar coordinates.

a.
b.

C,

(4, T/6)
(3, T/3)
(4,51 /6)
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24,

d.

e.
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(3, T/6)

none of the above

Does the sequence defined by'aa::5n/nf converge

or diverge?

a.
b.
c.
d.

€.

converées to O
diverges
converges to 25
converges to 225

none of the above

Find the area bounded by the curve r? = 81 cos2e.

2,
b.
c.
d.

=

9
81

27
243

none of the abhove

Pind the area of the surface of revolution

generated by revelving a loop of the curve 128y2
= 16x2-x* about the x axis.

a.

(5

3
4T

50
6T

none of the above.
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Find the volume generated by revolving the

ellipse 4x2+9y2-_—.36 about the y axis.

a, 1277
b. 181
c., 2417
d. 3077

e, none of the above
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XI. APPENDIX B: SIGN-ON PROCEDURE

PLATO is a general purpose computer which gives
the user a 1ot of control. To operate the computer
the student and computer wiil respond in the following
way:

PLATO:

Press NEXT to begin
Student:

NEXT
PLATO:

Day, month, year

Welcome to PLATO

Type your name, then press NEXT
Student:

>agbor
PLATO:
Type the name of your PLATO group., Then, while
holding the SHIFT key, press the STOP key. when you

are ready to leave, you should press these same keys
(SHIFT-3TOP) to "sign off".

Student:

2 ames
PLATO:

Type your password, then press NEXT



Student:
PLATO:

Student:
PLATO:

a, Unit
b, Unit
c. Unit
d., Unit
e. Unit
. Unig
g. Unit
h, Unit
i. Unit
j. Unit
k. Unit
1. Unit
m., Unit
n. Unit

(5 AN ¥ ) S - UV B \V B o

v o N

10

12
13
14
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> mbi

AUTHOR MODE

Choose a2 lesson

HEL? available

> agbor

Index to CALCULUS CAI UNITS



0%
D.
q.
r.
S.

t.
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Unit 15
Unit 16
Unit 17
Unit 18
Unit 19
Unit 20

Choose a subject

BACK to exit, HELP is available

A, The PLATO Keyboard
Every PLATO terminal has a keyboard like a

typewriter with special features., The following are

special keys of the PLATO keyboard and their functions:

1.

The HELP key allows students to make optional

sections of a lesson.

The SHIFT key produces capital retters when a
iletter that is not a capital letter is pressed.
The =RASE key erases what has been typed.

The TAB key is equivalent to hitting the space
bar as many times as is necessary to reach a
preset column on the screen.

The NzZXT kxey makes 1t possible to proceed to the

next display.

The ZDIT key is used for correcting typin
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7. The ANS key can be used by the student to get the
correct answer to a question,

8. The HELP key also enables the user to enter the
sequence,

9, The STOP key throws out output destined for
the terminal,

10. The BATK key is used to review sequences,

B. Basics Aspects of PLATO
The PLATC interactive educational systen

consists of a repeating sequence which is a display

on the student's screen followed by the student's
response to the display. The display information
consists of line drawings, graphs and animations.

The student responds {o this display by pressing a
single key, by pointing at a particular area of the
screen, by typing a word, sentence or mathematical
expression or even by making a geometricai construction.

Authors generally provide enough details about the

possible student responses.
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